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1 Introduction

We present a semantics for LTL plus an abort operator on finite and infinite paths.
The abort operator “cuts the path” at the appearance of an abort signal, and has the
truth value of a weakened version of the formula on the resulting (finite) path.

The abort operator has been presented before [3,2]. However, both previous pre-
sentations had problems. The semantics of abort in [3] were simple, but the complexity
of model checking them was non-elementary [1]. The semantics of abort in [2], while of
acceptable complexity, were presented in terms of a complicated seven-way relation.

In this document, we present semantics for LTL plus an abort operator that com-
bine the advantages of [3] and [2]. Our contribution is an elegant formulation of the
semantics of abort, which, while equivalent to that of [2] (and thus of acceptable com-
plexity), uses the intuitions of [3] to avoid the complicated context-based semantics
presented in [2].

An important goal of our semantics is to provide elegant and intuitive semantics
for simulation as well as for model checking. The problem is that traditional LTL
semantics over finite paths are defined for maximal paths in the model. That is, if
we evaluate a formula over a finite path under traditional LTL finite semantics, it
is because the last state of the path has no successor in the model. In simulation,
however, all paths are finite, while most are not maximal. Rather, they end simply
because the simulation itself has ended. We term such a path a truncated path.

There are two conflicting views of what the semantics should be for truncated
paths. In one view, which we term the neutral view, truncated paths should be treated
in the same way as finite maximal paths. In this view, the formula Fp on a truncated
path should hold iff p occurs somewhere on the path.

Another view, suggested by Carl Pixley [?], is that we should be able to guarantee
that a formula which has been shown to hold by model checking will not fail under
simulation. Under this view, which we term the weak view, the formula Fp on a



truncated path should always hold, because the fact that p has not yet been seen is
not evidence that the formula does not hold on some extension of the path.

There is an intimate relation between the abort operator, intended to be used for
hardware resets, and the problem of truncated vs. maximal paths. In particular, the
weak view holds for any formula of the form f abort e, where e is a special atomic
proposition that holds at the point after which the simulation trace ends.

The intuitive definition of f abort b is “check if the formula f holds and if in the
middle of the check the abort signal b is encountered — stop the check”. If the eval-
uation of f proceeds smoothly without b interrupting in the middle, then the truth
value of f abort b is the same as f. What is the truth value of f abort b if b interrupted
the evaluation of f? We can decide that it is true or refine the abort operator and have
two kinds of abort: abort_T and abort_F such that if b occurs before the evaluation of
f completed the truth value is true if the original formula used abort_T and false if
the original formula used abort_F. Note that having two kinds of abort is not really
a design choice. The two kinds abort_T and abort_F are dual to each other. Thus, if
we decide to have only abort_T, then the formula —(—f abort_T b) gives the exact se-
mantics of f abort_F b. The resulting intuitive semantics of f abort_F b reads “f holds
with no intervention of b in the middle” as if b happens before the evaluation of f
competed, the result is false.

The formal definition of LTL augmented with abort operators extends the model
under which formulas are evaluated with an additional context, which can be weak,
neutral or strong. Under a weak context eventualities are not required to occur as paths
are considered truncated (for instance, due to an abort_T signal). Under a neutral
context formulas are evaluated the same way as in classical LTL, thus eventualities
are required to occur. Under a strong context not only eventualities are required to
occur but invariants are required to hold forever (force a path to be infinite), this
semantics is the dual of the weak semantics and matches the semantics of the abort_F
operator.

2 Syntax

The formulas of LTL®°™ are defined over a set B of boolean expressions® as follows:
Definition 1. LTL*°" formulas

— Every boolean expression is an LTLY°™ formula.
— If b is a boolean expression, f, f1, and fa are LTLY°" formulas then the following
are LTL™ formulas:
o ~f
JiNf2
X! f

[f1 U f2]
f abort_T b?

1 'We assume two designated boolean expressions T and F belong to B.
% In [4, 3] we refered to the abort_T operator as abort.



Additional operators are defined as syntactic sugaring of the above operators:

—fvg E =(=fA-g)

~Ff € [ru/f

~Gf ¥ —F-f

~[fWagl © [fUgVATU-]

— fabortFb def —(—f abort_T b)
def

~ X (X

3 Semantics

The semantics of an LTL®°" formula are defined with respect to finite or infinite
words and a context which can be weak, neutral or strong. By abuse of the = notation

we use w = f, w = f and w £ f to denote that f holds on w under weak, neutral
or strong interpretation, respectively. We assume a given alphabet X' and a mapping
from each letter in X' to the set B of boolean expressions the letter satisfies. We

use the notation ¢ |2 b to say that the letter £ satisfies the boolean expression b. We

assume that for the designated boolean expressions T and F, £ )E T and ¢ b‘z F (for
every letter £).

We use u,v,w and w to denote (possibly empty) finite/infinite words. We use ¢
(possibly with subscripts) to denote letters. We denote the length of word w as |w|.
A finite word w = fol145 - - - £, has length n + 1, an infinite word has length oo and
the empty word € has length 0. We denote by w®" the suffix of w starting at ¢;. That
is, for every i < |w|, w' = liliy1-- L, (or W = Lilir1---). We denote by wiJ
the finite sequence of letters starting from ¢; and ending in ¢;. That is, for j > 1,
wh =Ll ..4; and for j < 1, w'J = e. We use w' as a shorthand for wi* (thus
w! = ¢;). We make use of an “overflow” for the indices of w. That is, w’, w’, and
wi* are defined for j > |w| as: w?! = W = w¥* = €. For example, in the semantics
of [f1 U f2] under weak context, the k that is required to exist is not necessarily in
the range of w.

holds neutrally

l.wkb+ |w/>0and w°’ Eb

2wk f=wH/f

B wEfiNfo=wEfandwEfi

4. wEX f< |w|>1and w! Ef

5. w = [f1 U fao] <= there exists k < |w| such that w*" = f,, and for every j < k,
wl = fi

w [= f abort_T b <=> either w |= f or there exists k such that w* |=b and for every
j <k, w Hband WOk = f

e



holds weakly

w b <= ecither |w| =0 or W B b

wEAf = wH f

wEAANfo<—=wlEfiandw = fy

w EX! f < either [w| < 1orw! Ef

w = [f1 U f2] <= there exists k such that w* |= f5, and for every j < k, w' = fi
w [= f abort_T b <= either w |= f or there exists k such that w* |=b and for every
j <k,w Hband k1 Ef

S St W=

holds strongly

wEb<|w| >0and b

wEAf<=wH f

wEAANfe=wE fiandw E fo

wEX! fe=|w|>1and w' E f

w )=+[f1 U fo] <= there exists k such that w* |:+f2, and for every j < k, w’" |:+f1
w )Sf abort_T b <= either w ):+f or there exists k such that w* = b and for every
j <k,w Hband k1= f

A I

4 Theorems on the semantics

Notations:

— We say that u is a prefiz of v and denote u =< v if there exists a word u’ such that
uu' = v.

— We say that w is an extension of v and denote w > v if there exists a word v’
such that vv’ = w.

Theorem 1 (strength relation theorem).

Theorem 2 (prefix/extension theorem).
1. v|:+f — Yw = v, w|:+f
2 vEf <= Yu=xv, uEf

Proposition 1.

lLwEfVg <= wEkEforwlEyg
LwEfVg = wEforuEy



S wEfVg = wkEforwky
Proposition 2.

I wEFf = k< |w st wh =f
2. wEFf < Tk st Ef
3. wEFf < Jk st b =f

Note: for every formula f and every finite word w, w = Ff.
Proposition 3.

1. wkEGf &= Vk<|w|, P Ef
2. wEGf < Vk, W Ef
3. wkEGf < Vk, Wk = f

Note: Gf holds strongly only on infinite paths.

Proposition 4.

1. wE[fUg] <= wE[~gW(=fA-g)]
2. wE[fUg] <= wE[~gW(=f A—g)]
3. wE([fUg] = wE[-gW(~fA=g)]

Proposition 5.

1. wlfabortFb <= wlfandVk if W* EbandVj <k, w’ }:?bthenwo""“1 ):+f
2. w ):+f abort Fb <— w }:+f andVk if W* EbandVj < k, w |7Izbthem,uo“k’1 |:+f
3. wlfabort ¥ b <= w = f andVk if W* EbandVj < k, w’ }:?b then wo-k=1 }:+f

Proposition 6.
LLwEXf <= wE-(X-f)
2. WEXf <= wEXf
3 wEXf = wEXYf
Note: under the weak and strong semantics, there is a single next operator which is

its own dual, while under the neutral semantics, there are two different next operators,
one of which is the dual of the other.
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A Proofs

Lemma 1. Let f be a formula in LTL°" . Then both € = f and € }% f-

Proof. The proof is by induction on the structure of the formula. Most cases are easy
to see, we show here the case where f is a formula of the form g abort_T b.

€ }% g abort_T b

< not(either ¢ g or there exists k such that ¥ =b and €>*~1 =g and Vj <
k, € Hb)

< not(either e = g or there exists k such that e =b and € =g and Vj < k, € b)

<= [e Ebis FALSE]
not (¢ = g)

<= [induction]
not (FALSE)

<= TRUE

Theorem 1 [strength relation theorem)]

LwEf—=wkf
2QwEf=wkEf

Proof. By induction on the structure of the formula.

1. f=b
(a) wEb <= |w|>0and W* Bb <= w b
b) wEb < |Jw/>0and w’ Bb= |w|=00r v’ Bb <= w|Eb.
2. f=—g
(a) wE-g <= w H g = [induction] w £ g <= w =g
(b) w E—g < w K g = [induction] w Hzg = wkEyg
3. f=gANh
(a) wEgAh < wlEgand w2 h = [induction] w =g and w =h <=

whEgAh
(b)) wEgAh < wlEgand wEh = [induction] w =g and w EFh <
wEgAh
4. f =Xlg
(a) w EXlg <= |w| > land w! F g = [induction] |w| > landw'" g <=
w =Xlg

(b) w EXlg <= |w| > 1 and w!" g = [induction] |w| > 1 and w' g =

lw|<lorw' Eg < wEXlg
5. f=I[gUn]



(a) w )=+gUh < Fk s.t. wh- |:+h and Vj < k, w’- |:+g =
[if £ > |w|, then w" is empty, hence by Lemma 1 wk- If h]
3k < |w| s.t. w* Eh and ¥j < k, w’ = g = [induction]
3k < |w| s.t. wh Eh and Vj < kwl Eg <= w EgUh

(b) w EgUh <= Jk < |w| s.t. w* = h and Vj < k, w’ |= g = [induction]
3k < |w| s.t. wh Ehand Vj < k, wl Eg = Jk s.t. wh Eh and Vj <
k, w Eg < w EgUh

6. f=gabort.Tb

(a) w E g abort.T b «—
cither w 2 g or 3k s.t. wh =b and wO* 1 =g and Vj < k, wl b —
[induction]
either w =g or Jk s.t. wF =b and w'F 1 =g and Vi < k, w! b =
w f=g abort_T b

(b) w =g abort.T b <~
either w =g or 3k s.t. w¥ =b and w'* 1 =g and Vj < k, w’ b =
[induction]
either w =g or Jk s.t. wh =b and w'F 1 =g and Vi < k, w! b =

w =g abort_T b
O

Theorem 2 [prefix/extension theorem]

LoEf < Yorv, wEf
2.oEf <= Yu=<v,ulEf

Proof. The proof is by induction on the structure of the formula f.

1. f=b
(a) v IEb

<= [definition]
lv| >0 and v° B b

= [w = v implies |w| > |v| > 0 and w® = v
forall w > v : if |w| > 0 then w® 2 b

<= [definition]
forall w = v: w |:+b

‘]

(b) vED
<= [definition]
lu| =0orv° E2b

= [u =< v implies |u| < |v| and, if |u| > 0 then u® = v°]
forall u < v : |u| =0or u® B b



<= [definition]

Yu=<v: ulEDb
2. f=-g
(a) not(forall w = v : w £ —g)
—

exists w = v : not(w ):+—\g)
<= [definition]

exists w = v: whkEg
<= [induction]

exists w = v: forallu <w: ulg
=

viEg
<= [definition]

not(v £ —g)

(b) not(forall u < v: u = —g)

<

exists u < v : not(u = —g)
<= [definition]

exists u <v: u |:+g
<= [induction]

exists u < v : forall w = wu : w|£g

=
+
)
<= [definition]
not(v | ~g)
3. f=gANh
(a) vEgAh

<= [definition]
v |:+ g and v ):+h
<= [induction]
forall w > v: w |:+g and forall w > v: w |:+h
<
forall w > v: wEgand w 2 h
<= [definition]
forall w = v: w )=+g/\h
(b) Similar
4. f=Xlg
(a) v EX

— [deﬁmtlon]

lv| > 1 and v~ g
<= [induction]



lv| > 1 and forall w = v : wEyg
= [w = v implies |w| > |v| and w! = v!-]
forall w = v : |w|>1 and w' Eg
<= [definition]
forall w = v : w £ Xlg
(b) v =Xl
<= [definition]
o] <lorvl g
<= [induction]
|v] <1 or forall u < vl : u =
= [u = v implies |u| < |v| and u
forall u <v: |u|<lorul Eyg
<= [definition]
forall u < v: u =Xlg
5. f=[gUh]
+
(a) v = [gUn]
<= [definition]
there exists k such that v*- |:+h and for all j < k, v7- |:+g
<= [induction]
there exists k s.t. forall w > vF: w )Sh and forall j < k forall w > vJ :
wig -
= [w = v implies wk = v* and wi = v/
there exists k such that forall w = v both w* £ h and forall j < k: wi~ E g
—
forall w = v : there exists k such that w* }:+h and forall j < k: wi- |:+g
<= [definition]
forall w = v :w |:+[gUh]
(b) v |=[gUh]
<= [definition]
there exists k such that v* = h and for all j < k v/ |Eg
<= [induction]
there exists k s.t. forall u < v* : u E h and forall j < k forall u < v Eg
= [u =< v implies u* < v¥ and w/ < vI-]
there exists k s.t. forall u < v both u* |= h and forall j < k: u/ =g
—
forall u < v : there exists k s.t. u** = h and forall j < k v/ =g
<= [definition]
forall u < v : u = [gUR]
6. f=gabort-Th
(a) v |2 g abort_T b
<= [definition]

—Q

'j’l}l”]
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either v )=+g or

there exists k s.t. v* [=b and for every j < k: v/ b and v*F 1 =g
<= [induction]

either forall w > v : w ’=+g or

there exists k s.t. v* [=b and for every j < k: v/ b and v*F 1 =g
= [w > v implies w’ = v’ for j < k and w® k=1 = y0-k=1)

either forall w > v : w |:+g or forall w > v :

there exists k s.t. w* |=b and for every j < k: w’/ £ band w®* 1 |Eg

=
forall w > v : either w |:+g or

there exists k s.t. w* =b and for every j < k: w? b and w™*~1 =g
<= [definition]
forall w > v :w |:+g abort_T b
v =g abort_T b
<= [definition]
either v |= g or there exists k such that v* =b and for every j < k v? | b
and v0-F~1 =g
<= [induction]
A: either
i. forallu <v:u =g or

ii. there exists k such that v* =b and for every j < k v/ b and forall
u= oty g

Let u < v. If A.i. holds then we get u |= g, hence u =g abort_T b. Suppose

now that A.ii. holds. [Note that k < |v]| (since v* |=b)]. If u < v%-¥~1 then [by

the last part of A.ii.] we get u =g, hence again u |= g abort_T b. Otherwise,
v9 % < u. Then u/ =17 for all j < k, and so A.ii. implies there exists k such

that u* [=b and for every j < k: v/ F b and u%*~! |= g. From this we again

get u =g abort_T b. Therefore, A = forall u < v : u =g abort_T b
O
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