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Abstract A discussion is given of the intuition behind the definitions of
the semantics of local variables published in Annex G of the Accellera Sys-
temVerilog 3.1 Language Reference Manual. A number of desirable technical
consequences of the definitions are proved, including certain algebraic prop-
erties of sequence-building operators and all the claims made in Annex G.
An alternative approach to the auxiliary functions block and flow is given,
resulting in an equivalent definition of flow and a more intuitive relationship
between the three auxiliary functions sample, block , and flow .

3 August 2007: Updated by J. Havlicek. Syntax for local variable declara-
tions has been added, and all of the existing theory has been extended to
work with this new construct. The extensions are shown in blue. The theory
provides for overshadowing in case of redeclaration of a local variable. No
changes were made to the other text except minor modifications of notation
to simplify from “L|dom(L)−{v}” to “L\v” and from “L|{v}” to “L[v]”.

The local variable declaration syntax is “(t v; s)”, where t is a type, v

is the local variable name, and s is the sequence that is the scope of the
declaration. The new definitions for this syntax are

• sample((t v; s)) = sample(s) − {v}

• block ((t v; s)) = block(s) − {v}

• flow (X, (t v; s)) = (X ∩ {v}) ∪ (flow(X − {v}, s) − {v})

• w, L0, L1 |≡ (t v; s) iff there exists L such that w, L0\v, L |≡ s and L1 =
L0[v] ∪ (L\v).

Although this report does not discuss the formal semantics of properties,
the syntax “(t v; p)” can be used, where p is a property. The new semantic
definition is

• w, L |= (t v; p) iff w, L\v |= p.
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1 Introduction

Accellera SystemVerilog 3.1 Assertions, abbreviated herein as SVA 3.1 , constitute
a major language feature of the Accellera SystemVerilog 3.1 standard. They are
described in Section 17 and Annex G of [SV]. The assertions of SVA 3.1 are divided
broadly into two categories: immediate assertions and concurrent assertions . The
immediate assertions are analogous to assertions in programming languages like
C. Because they are non-temporal and do not involve local variables, immediate
assertions are not considered further in these notes. The concurrent assertions
enable precise definition of a rich set of temporal properties for designs. The formal
semantics of concurrent assertions is defined in Annex G of [SV].

The purpose of these notes is to record the intuition behind the formal defini-
tions pertaining to local variables and to give evidence of the quality of (i.e., “sanity
check”) the definitions by proving various desirable technical consequences. Among
these are results showing that certain algebraic properties of sequence-building op-
erators are not disturbed by the addition of local variables. In particular, we show
that “intersect”, “and”, and “or” are all associative and that “intersect” and
“and” distribute over “or”. All the claims made in Annex G about consequences of
the definitions are also proved. The technical consequences are not mathematically
deep. They are, for the most part, intuitive but not entirely obvious. As a result,
these notes should be accessible to a reader who is familiar with elementary set
theory and functions and who is comfortable reading Annex G of [SV].

The rest of the notes are organized as follows.

• Section 2 gives an intuitive discussion of the semantics of local variables. For
simplicity, this discussion avoids derived operators and the technical details in-
volved with the negation and abort operators. The focus is on sequences since
the scoping of local variables in the presence of the branching sequence operators
(e.g., “intersect”, “or”) is the least transparent part of the semantics.

• Section 3 covers notations, assumptions, and preliminary observations for the
technical presentation of the consequences of the formal definitions.

• Section 4 proves some basic relationships between the auxiliary functions sample ,
block , and flow .

• Section 5 shows that the definition of tight satisfaction with local variables is
consistent with the auxiliary functions and that the value of a local variable
persists unless the variable is reassigned.

• Section 6 treats algebraic properties of sequence operators in the presence of local
variables. The algebraic properties studied are commutativity, associativity, dis-
tributivity, existence of idempotent elements, and existence of identity elements.

• Section 7 presents an alternative approach to the auxiliary functions block and
flow . The new definition of flow is equivalent to the one from Annex G, but block

is changed in a way that yields a more intuitive relationship between sample ,
block , and flow .

For convenience, the definitions from Annex G of sample , block , and flow and of
tight satisfaction with local variables appear in an Appendix.
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2 Intuitive Discussion of the Semantics of Local Variables

The semantics of SVA 3.1 concurrent assertions is “linear” in the sense of Linear
Temporal Logic (LTL). Annex G of [SV] defines a satisfaction relation of concurrent
assertions by finite and infinite words over the extended alphabet Σ = 2P∪{>,⊥},
where P is the set of atomic propositions. For this intuitive discussion, we limit
the alphabet to 2P. The body of a concurrent assertion is a temporal property . A
word satisfies the assertion iff one or more particular suffixes of the word satisfy the
property. The particular suffixes depend on the form of the assertion (“initial”
vs. “always”), the way it is clocked, and any enabling condition inferred from the
context of the assertion.

Explicit or inferred clock events govern all parts of a property in a concurrent
assertion of SVA 3.1. However, Annex G of [SV] defines the semantics of clocked
properties indirectly in terms of a semantics for unclocked properties. Intuitively,
time in an unclocked property proceeds at the granularity of the letters in the words
for which the satisfaction relation is defined. Under this approach, clocked proper-
ties are transformed into unclocked properties via rewrite rules that represent the
clocking information in the more basic terms of the finest granularity of time. The
unclocked semantics is then applied to the transformed properties. In these notes,
it is assumed that all properties have been transformed into unclocked properties
in this way.

2.1 Semantics of sequences without local variables

Properties are built up from sequences .1 In the absence of local variables, a sequence
s can be thought of as a regular expression that denotes a set L(s) of finite words
over 2P. L(s) is the language of s over 2P. The elements of L(s) are said to tightly

satisfy s. The following partial grammar shows some of the basic sequence forms,
exclusive of local variables:

s ::= b [boolean expression]
| (s) [parenthesis]
| (s ##1 s) [concatenation]
| (s ##0 s) [fusion]
| (s or s) [union]
| (s intersect s) [intersection]
| s[*0] [empty]
| s[*1:$] [positive repetition]

Here b represents a boolean expression. L(b) is the set of words of length one whose
single letter satisfies the boolean expression b. For the other forms, let xy denote
the concatenation of words x and y, and let |x| denote the length of word x. Then

• L((s)) = L(s).

• L((s ##1 t)) = {xy : x ∈ L(s) and y ∈ L(t)}.

• L((s ##0 t)) = {xyz : |y| = 1 and xy ∈ L(s) and yz ∈ L(t)}.

1Sequences are also understood to be unclocked in these notes.
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• L((s or t)) = L(s) ∪ L(t).

• L((s intersect t)) = L(s) ∩ L(t).

• L(s[*0]) = {x : |x| = 0}.

• L(s[*1:$]) = {x1 · · ·xj : j ≥ 1 and xi ∈ L(s) for all i such that 1 ≤ i ≤ j}.

2.2 Semantics of basic properties without local variables

The two fundamental property forms in SVA 3.1 are shown in the following partial
grammar:

p ::= s [sequence]
| (s |-> s) [overlapping implication]

The satisfaction relation for properties is denoted “|=”.
For non-empty words w over 2P and sequences s, t without local variable assign-

ments, the satisfaction relation for the two fundamental property forms is defined
by

• w |= s iff there exist x, y such that w = xy and |x| > 0 and x ∈ L(s).

• w |= (s |-> t) iff for all x, y, z such that w = xyz and |y| = 1 and xy ∈ L(s),
yz |= t.

SVA 3.1 has other property-building constructs (negation operator, abort operator),
but they are not discussed in these notes.

2.3 Local variables

Local variables are a powerful feature of SVA 3.1 that allow the sampling and
manipulation of data in a property without requiring the property writer to define
auxiliary state machines (i.e., satellite logic). In SVA 3.1, the syntax

s ::= (b, v = e) [boolean expression with local variable]

attaches to boolean expression b the assignment of the value of expression e to
local variable v. The boolean expression b is tested at a particular point in the
evaluation of a property, and this test occurs in the same way regardless of the
attached local variable assignment. If b holds (i.e., evaluates to true) when tested,
then the attached assignment of the value of e to v occurs at that time. Otherwise,
no assignment to v is made.

The value assigned to v on successful test of b can be accessed later in the property
by referencing v. In this sense, v stores the value of e sampled at the test of b, and
the scope of v “flows” forward through the property. For example, the property

( ((b, v = e) ##1 1) |-> f == v ) (1)

says intuitively, “if b holds in the first timestep and there is a second timestep, then
the value of f in the second timestep must equal the value of e in the first timestep.”
A more interesting example is

( ((b, v = e) ##1 !c[*0:$] ##1 c) |-> f == v ) (2)

3



Here, “[*0:$]” is a derived sequence operator for zero or more repetitions, defined
by

s[*0:$] ≡ (s[*0] or s[*1:$])

Therefore, the intuitive meaning of (2) is “if b holds in the first timestep and if there
is a timestep after the first at which c holds, then the value of f in the earliest such
timestep must equal the value of e in the first timestep.”

Local variables can also be used to do arithmetic manipulations of data in a
property. For example,

( ((b, v = 0) ##1 (!c, v = v + 1)[*0:$] ##1 c) |-> f == v ) (3)

has the intuitive meaning “if b holds in the first timestep and if there is a timestep
after the first at which c holds, then the value of f in the earliest such timestep
must equal the number of timesteps strictly between the earliest such timestep and
the first timestep, counted modulo the overflow value of v.”

It is easy to eliminate the local variable from (1) by adding an auxiliary state
machine that delays the value of e by one timestep. Eliminating the local variable
from (2) is not as simple. If property (2) is asserted “always”, then every timestep
at which b holds will trigger a check for f == v at the next future timestep at which
c holds. If b and !c are not disjoint, then there could be multiple timesteps at which
b holds before a timestep at which c holds. This kind of situation complicates the
construction of the auxiliary state machines. Under a sequential protocol it may be
reasonable to expect b not to hold a second time until after c holds. This expectation
may not be reasonable under an interleaved protocol, for which a property like the
following tagged variant of (2) may be appropriate:

(

(

(b, v = e, v′ = intag)

##1

!(c && (outtag == v′))[*0:$]

##1

(c && (outtag == v′))

)

|->

f == v
)

Here, “(b, v = e, v′ = intag)” attaches both assignments, “v = e” and “v′ = intag”,
to the boolean expression b. Creating an auxiliary state machine to take the place
of the local variables in this example requires allocating and managing storage for
as many tags as can be active simultaneously.

2.4 Semantics of sequences with local variables

In the presence of local variables, the semantics of a sequence is no longer adequately
captured as a language of words as described in Subsection 2.1. This is because
the values stored in the local variables can influence the expressions that determine
whether a word tightly satisfies the sequence. For example, for tight satisfaction of
the sequence
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(

(b, v = e, v′ = intag)

##1

!(c && (outtag == v′))[*0:$]

##1

(c && (outtag == v′))

)

from above, it is essential that the value of intag sampled when b holds equal the
value of outtag when c holds.

In order to capture the way local variables influence expression evaluation in
tight satisfaction, Annex G of [SV] defines tight satisfaction of sequences with local
variables as a four-way relation between finite words over Σ, pairs of local variable

contexts , and sequences.2 A local variable context is simply a function that has a
set of local variable names as domain and that records which local variables have
been assigned (i.e., can be referenced) and what sampled values they hold. The
four-way relation is written

w, L0, L1 |≡ s

where w is a finite word over Σ, L0 is the incoming local variable context, L1 is
the outgoing local variable context, and s is a sequence. Intuitively, w, L0, L1 |≡ s
means that if the local variable context L0 is provided to start with, then the word
w tightly satisfies s in a way that transforms L0 into L1.

As a simple example, let w0, w1 ∈ 2P be letters such that b holds on w0 and c
holds on w1, and let w = w0w1. If s is the sequence

( ((b, v = e) ##1 c) )

then
w, {}, {(v, e[w0])} |≡ s

where e[w0] is a notation for the value obtained from expression e when sampled
at w0. In this example, the incoming local variable context is empty (i.e., no local
variables have been assigned), and the outgoing local variable context is L1 =
{(v, e[w0])}, using set-of-pairs notation for the function. In other words, L1 has a
single local variable, v, in its domain, and L1(v) = e[w0].

More generally, for any local variable context L0,

w, L0, {(v, e[L0, w
0])} ∪ L0|dom(L0)−{v} |≡ s

Here, dom(L0) denotes the domain of L0, and e[L0, w
0] denotes the value obtained

from e by first substituting local variable values from L0 and then using w0 to
complete the evaluation on any remaining variables. This order of substitution
ensures that local variable names in dom(L0) take precedence over other variable
names in case there is a collision in the evaluation of e[L0, w

0]. The notation
L0|dom(L0)−{v} means the function obtained from L0 by restricting its domain to
dom(L0)−{v}. Therefore, L0|dom(L0)−{v} = L0 −{(v, L0(v))} if v ∈ dom(L0), and
L0|dom(L0)−{v} = L0 if v 6∈ dom(L0). The effect is that if v already has a value in

2For reference, the definition of tight satisfaction with local variables appears in the
Appendix to these notes.
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L0, then that value gets replaced by e[L0, w
0] in the outgoing context. Otherwise,

the outgoing context is obtained from L0 by adding v to the domain and giving it
the value e[L0, w

0].
From this discussion, it should be intuitive that if s does not assign any local

variables and w, L0, L1 |≡ s, then L1 = L0. This fact is not obvious from the
definitions in Annex G of [SV] and is proved as Theorem 5.5 below. It should also
be intuitive that if s does not involve local variables, then the relation w ∈ L(s) is
equivalent to w, {}, {} |≡ s.

2.5 Subtleties of scoping of local variables

The examples shown so far have used only “linear” operators (concatenation, fusion,
repetition, implication), and the forward flow of the local variables through the
properties has been intuitively clear. Consider, however, the following examples:

( ((b, v = e) or c) ##1 f == v ) (4)

( ((b, v = e) intersect (c, v = e′)) ##1 f == v ) (5)

Both of these examples have “unsafe” references to v in the expression “f == v”.
In (4) the reference is unsafe because the “or” can be matched without assignment
to v if c holds at the first timestep. In (5) the reference is unsafe because the values
assigned to v in the two branches of the “intersect” may be inconsistent. Thus,
the branching and joining natures of “or” and “intersect” bring an additional
complexity to the scoping of local variables that does not exist with the linear
operators.

Annex G of [SV] gives the precise definitions for scoping of local variables. For
sequences, this is done with three recursive functions, sample, block , and flow .3

These definitions have several goals:

1. To disallow flow of a local variable out from an “or” if the local variable is not
guaranteed to be assigned in both branches of the “or” (as in (4)) and the local
variable was not assigned prior to the “or”.

2. To disallow flow of a local variable out from an “intersect” if the local variable
can be assigned in both branches of the “intersect” (as in (5)).

3. To require only simple syntactic analysis of the sequences.

4. To allow forward flow of a local variable unless in conflict with 1, 2, or 3.

5. Not to disturb familiar algebraic properties of the regular expression operators
unless in conflict with 1, 2, 3, or 4.

The function sample takes a sequence as input and outputs the set of local variable
names that are assigned in the sequence. The function block takes a sequence as
input and outputs the set of local variable names whose scope must not be allowed
to extend beyond the sequence in order to achieve 1, 2, and 3. The function flow

takes a set X of local variable names and a sequence as inputs and outputs the set

3For reference, the definitions of sample, block , and flow appear in the Appendix to
these notes.
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of local variable names whose scopes extend (i.e., “flow”) out of the sequence given
that the local variable names in X flow into the sequence.

Substituting the problematic “intersect” subsequence from (5) into the defini-
tions from Annex G of [SV] yields

sample(((b, v = e) intersect (c, v = e′))) = {v}

block (((b, v = e) intersect (c, v = e′))) = {v}

flow (X, ((b, v = e) intersect (c, v = e′))) = X − {v}

for any set X of local variable names. This illustrates how the definitions prevent
the outward flow in the case that is forbidden by goal 2. Doing similarly with the
“or” subsequence from (4) yields

sample(((b, v = e) or c)) = {v}

block(((b, v = e) or c)) = {}

flow(X, ((b, v = e) or c)) = X

for any set X of local variable names. Note that block of this subsequence is empty,
which might seem to fail to meet goal 1. However, according to the last of these
equalities, if v flows into the sequence “((b, v = e) or c)” (i.e., if v ∈ X), then v
also flows out. The inward flow of v means that v was assigned a value prior to the
“or”. The prior value of v is preserved in the branch that matches c, but v gets
reassigned in the branch that matches b. The last equality also says that if v 6∈ X ,
then v 6∈ flow(X, ((b, v = e) or c)).

Of course, the scoping and flow of local variables is intimately connected with the
domains of the incoming and outgoing local variable contexts in the tight satisfaction
relation. This is no coincidence, as the definition of tight satisfaction in the cases
of “or” and “intersect” relies on the scoping definitions. Intuitively, if

w, L0, L1 |≡ s

then it should be that
dom(L1) = flow (dom(L0), s)

This result is not obvious from the definitions in Annex G of [SV] and is proved as
Theorem 5.4 below.

2.6 Semantics of basic properties with local variables

In the presence of local variables, the semantics of properties is defined in Annex G
of [SV] as a three-way satisfaction relation among non-empty words, local variable
contexts, and properties. The relation is written

w, L |= p

where w is a non-empty finite or infinite word over Σ, L is the incoming local
variable context, and p is a property. Intuitively, w, L |= p means that if the local
variable context L is provided to start with, then the word w satisfies p.

For non-empty words w over 2P and sequences s, t, the satisfaction relation for
the two fundamental property forms is defined by
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• w, L |= s iff there exist x, y, L′ such that w = xy and |x| > 0 and x, L, L′ |≡ s.

• w, L |= (s |-> t) iff for all x, y, z, L′ such that w = xyz and |y| = 1 and
xy, L, L′ |≡ s, yz, L′ |= t.

Note that in the second of these rules, the outgoing local variable context L′ from
the tight satisfaction xy, L, L′ |≡ s serves as the incoming local variable context
for the property satisfaction yz, L′ |= t. As a result, local variables intuitively flow
across the implication operator “|->”.

8



3 Technical Preliminaries and Notation

This section sets notations and makes assumptions and preliminary observations to
be used in the remainder of these notes.

The following set notations are used.

• “∪” denotes set union.

• “∩” denotes set intersection.

• “−” denotes set difference.

• “{}” denotes the empty set.

• “∈” denotes the set membership relation.

Elementary set algebra with set differences is used in many of the proofs in
these notes. Let A, B, M, N be sets. The following elementary set theory facts are
assumed to be familiar.

• (A ∪ B) − M = ((A − M) ∪ B) − M = (A − M) ∪ (B − M).

• (A ∩ B) − M = (A − M) ∩ B = (A − M) ∩ (B − M).

• A − (M ∪ N) = (A − M) ∩ (A − N).

• A − (M ∩ N) = (A − M) ∪ (A − N).

• (A − M) − N = A − (M ∪ N).

• (A − M) ∪ B = (A ∪ B) − (M − B).

• (A − M) ∩ (B − N) = (A ∩ B) − (M ∪ N).

• A − (N − B) = (A ∩ B) ∪ (A − N).

• (A − M) − (N − B) = ((A ∩ B) − M) ∪ (A − (M ∪ N)).

• (A − M) − (A − N) = (A − M) ∩ N = (A ∩ N) − M .

The term “sequence” means an unclocked sequence as defined in the abstract syn-
tax of Annex G, Subsection G.2.1, p. 344 of [SV]. The following sequence notations
are used.

• e denotes an expression.

• v, v′ denote local variable names when appearing in a local variable assignment
sequence, such as “(1, v = e)”.

• r, s, t denote sequences.

• b denotes a boolean expression.
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The ordinary alphabet for the semantics of SystemVerilog 3.1 Assertions is de-
noted 2P. Let B denote the set of boolean expressions. There is understood to be
a relation of boolean satisfaction ⊆ 2P ×B. The notation “` b” (respectively,

“` / b”) means that (`, b) ∈ (respectively, (`, b) 6∈ ). The “true” (respectively,
“false”) element of B is denoted “1” (respectively, “0”), and it is understood that

` 1 and ` / 0

for all ` ∈ 2P. The extended alphabet for the semantics of SystemVerilog 3.1
Assertions is

Σ = 2P ∪ {>,⊥}

The relation is extended to letters in Σ by defining

> b and ⊥ / b

for all b ∈ B. Unlike letters of the ordinary alphabet, > 0 and ⊥ / 1.
A word over Σ is a sequence of letters from Σ. The number of letters in word w

is called the length of w and is denoted |w|. The letters of a word are assumed to
be indexed consecutively beginning at zero. If |w| = 0, then w has no letters and
is said to be empty . If |w| > 0, then the first letter of w is denoted w0; if |w| > 1,
then the second letter of w is denoted w1; and so forth.

A local variable context is a function that assigns values to local variable names.
If L is a local variable context, then dom(L) denotes the set of local variable names
that are in the domain of L. If D is a set of local variable names, then L|D denotes
the local variable context that is obtained from L by restricting its domain to be
dom(L) ∩ D. If D ⊆ dom(L), then dom(L|D) = D. If v is a local variable name,
then L\v denotes L|dom(L)−{v} and L[v] denotes L|{v}.

The semantics of sequences is defined via a relation of tight satisfaction by finite
(possibly empty) words. Tight satisfaction is a four-way relation defining when a
finite word w together with an input local variable context L0 satisfies a sequence
r and yields an output local variable context L1. This relation is denoted

w, L0, L1 |≡ r

The definition of tight satisfaction is given in Annex G, Subsection G.3.4, p. 350
of [SV]. This definition depends on three auxiliary functions, sample, block , and
flow , which are defined in Annex G, Subsection G.3.3.3, pp. 348-349 of [SV]. For
reference, the definitions of tight satisfaction and of the auxiliary functions appear
in an appendix to these notes with notation adapted to the conventions presented
here.

The following notations are used throughout these notes.

• u, v, w, x, y, z and primed and/or subscripted versions of these denote finite (pos-
sibly empty) words over Σ. [Exception: v, v′ are also used to denote local variable
names when appearing in a local variable assignment sequence as described pre-
viously.]

• X, Y denote sets of local variable names.

• L and primed and/or subscripted versions of L denote local variable contexts.

10



• Sr is shorthand for sample(r).

• Br is shorthand for block (r).

• Fr is shorthand for flow({}, r).

• X/r is shorthand for flow(X, r).

These notes rely on the following correction of an erratum to the Accellera Sys-
temVerilog 3.1 Assertions definitions that pertain to well-definedness of the formal
semantics of assertions over the extended alphabet Σ = 2P ∪ {>,⊥}: it is under-
stood that for any expression e and any local variable context L, e[L,>] and e[L,⊥]
are arbitrary constants of the type of e.
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4 Basic Properties of sample, block , and flow

The following theorem is claimed in Annex G, Subsection G.3.3.3, p. 349 of [SV].
It provides a fundamental decomposition of flow(X, r) in terms of sets that depend
on the individual arguments X and r.

Theorem 4.1. flow (X, r) = (X ∪ flow ({}, r)) − block(r).

Proof: By induction over the structure of r.

• r = (t v; s).

flow(X, (t v; s))
= (X ∩ {v}) ∪ (flow (X − {v}, s) − {v})
= [induction]

(X ∩ {v}) ∪ ( ( ((X − {v}) ∪ flow ({}, s)) − block (s) ) − {v} )
= (X ∩ {v}) ∪ ( ((X − {v}) ∪ flow ({}, s)) − (block (s) ∪ {v}) )
= (X ∩ {v}) ∪ ( ( ((X − {v}) ∪ flow ({}, s)) − {v} ) − (block (s) − {v}) )
= (X ∩ {v}) ∪ ( ( (X − {v}) ∪ (flow ({}, s)− {v}) ) − (block (s) − {v}) )
= [X ∩ {v} = (X ∩ {v}) − (block (s) − {v})]

( (X ∩ {v}) ∪ (X − {v}) ∪ (flow ({}, s)− {v}) ) − (block (s) − {v})
= (X ∪ (flow ({}, s) − {v})) − (block (s) − {v})
= (X ∪ flow ({}, (t v; s))) − block ((t v; s))

• r = (1, v = e).

flow(X, (1, v = e))
= X ∪ {v}
= (X ∪ ({} ∪ {v})) − {}
= (X ∪ flow ({}, (1, v = e))) − block ((1, v = e))

• r = b.

flow(X, b)
= X
= (X ∪ {}) − {}
= (X ∪ flow ({}, b)) − block(b)

• r = (s).

flow(X, (s))
= flow(X, s)
= [induction]

(X ∪ Fs) − Bs

= (X ∪ flow ({}, (s))) − block ((s))

• r = (s ##1 t). Note that
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flow({}, (s ##1 t))
= flow(Fs, t)
= [induction]

(Fs ∪ Ft) − Bt

Then

flow(X, (s ##1 t))
= flow(flow(X, s), t)
= [induction]

flow((X ∪ Fs) − Bs, t)
= [induction]

(((X ∪ Fs) − Bs) ∪ Ft) − Bt

= [(A − M) ∪ B = (A ∪ B) − (M − B)]
(((X ∪ Fs) ∪ Ft) − (Bs − Ft)) − Bt

= (X ∪ (Fs ∪ Ft)) − ((Bs − Ft) ∪ Bt)
= [(A ∪ B) − (M ∪ N) = (A ∪ (B − N)) − (M ∪ N)]

(X ∪ ((Fs ∪ Ft) − Bt)) − ((Bs − Ft) ∪ Bt)
= (X ∪ flow ({}, (s ##1 t))) − block ((s ##1 t))

• r = (s ##0 t). Analogous to the argument for r = (s ##1 t).

• r = (s or t).

flow(X, (s or t))
= flow(X, s) ∩ flow (X, t)
= [induction]

((X ∪ Fs) − Bs) ∩ ((X ∪ Ft) − Bt)
= [(A − M) ∩ (B − N) = (A ∩ B) − (M ∪ N)]

((X ∪ Fs) ∩ (X ∪ Ft)) − (Bs ∪ Bt)
= (X ∪ (Fs ∩ Ft)) − (Bs ∪ Bt)
= (X ∪ flow ({}, (s or t))) − block((s or t))

• r = (s intersect t).

flow(X, (s intersect t))
= (flow(X, s) ∪ flow (X, t)) − block ((s intersect t))
= [induction]

(((X ∪ Fs) − Bs) ∪ ((X ∪ Ft) − Bt)) − block ((s intersect t))
= [Bs ⊆ block ((s intersect t)), similarly for Bt]

(X ∪ (Fs ∪ Ft)) − block ((s intersect t))
= [(A ∪ B) − M = (A ∪ (B − M)) − M ]

(X ∪ ((Fs ∪ Ft) − block ((s intersect t)))) − block ((s intersect t))
= (X ∪ flow ({}, (s intersect t))) − block ((s intersect t))

• r = first match(s). Analogous to the argument for r = (s).

• r = s[*0]. Analogous to the argument for r = b.

• r = s[*1:$]. Analogous to the argument for r = (s).
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Corollary 4.2.

1. flow(X, r) ∩ block(r) = {}. In particular, flow({}, r) ∩ block (r) = {}.

2. flow(X, r) = (X − block (r)) ∪ flow({}, r).

The first part of Corollary 4.2 shows that block and flow are disjoint when applied
to the same sequence. This justifies the intuitive notion that local variables that flow
from a sequence must not have been blocked, and local variables that are blocked
by a sequence do not flow from it. The specialization of Corollary 4.2(1) to X = {}
is noted in Annex G, Subsection G.3.3.3, p. 349 of [SV].

The next proposition shows that, in its first argument, flow respects set union
and is monotonic.

Proposition 4.3.

1. flow(X ∪ Y, r) = flow(X, r) ∪ flow(Y, r).

2. If X ⊆ Y , then flow(X, r) ⊆ flow(Y, r).

Proof:

flow(X ∪ Y, r)
= [Theorem 4.1]

(X ∪ Y ∪ Fr) − Br

= ((X ∪ Fr) ∪ (Y ∪ Fr)) − Br

= ((X ∪ Fr) − Br) ∪ ((Y ∪ Fr) − Br)
= [Theorem 4.1]

flow(X, r) ∪ flow(Y, r)

This proves part 1. If X ⊆ Y , then X ∪ Y = Y , so part 2 follows from part 1.

The next proposition shows that fixing the second argument of flow yields an
idempotent operator on sets of local variables.

Proposition 4.4. flow (flow(X, r), r) = flow(X, r).

Proof:

flow(flow (X, r), r)
= [Theorem 4.1]

flow((X ∪ Fr) − Br, r)
= [Theorem 4.1]

(((X ∪ Fr) − Br) ∪ Fr) − Br

= [Fr ∩ Br = {}]
(((X ∪ Fr) ∪ Fr) − Br) − Br

= (X ∪ Fr) − Br

= [Theorem 4.1]
flow(X, r)
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Remark: Notice that Proposition 4.4 implies that for any m > 0,

flow(X, r[*m]) = flow (X, r)

This shows that the set of local variables that flows through one or more concate-
nations or repetitions of a sequence does not depend on the number of repetitions.
This is an important consistency condition, and it is a justification of the definition

flow(X, r[*1:$]) = flow(X, r)

Part 1 of the following theorem corresponds to the intuitive notion that if there
are no incoming local variables, then any local variable that flows from a sequence
must have been assigned in the sequence. Part 1 is claimed in Annex G, Subsection
G.3.3.3, p. 349 of [SV]. Part 2 of the theorem corresponds to the intuitive notion
that only local variables assigned in a sequence can be blocked by the sequence.
This relationship is expected because the blocking rules are designed to eliminate
inconsistently assigned local variables.

Theorem 4.5.

1. flow({}, r) ⊆ sample(r).

2. block (r) ⊆ sample(r).

Proof: By induction over the structure of r.

• r = (t v; s).

flow({}, (t v; s))
= flow({}, s) − {v}
⊆ [induction]

sample(s) − {v}
= sample((t v; s))

block ((t v; s))
= block(s) − {v}
⊆ [induction]

sample(s) − {v}
= sample((t v; s))

• r = (1, v = e).

flow({}, (1, v = e))
= {v}
= sample((1, v = e))
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block ((1, v = e))
= {}
⊆ sample((1, v = e))

• r = b.

flow({}, b)
= {}
= sample(b)

block (b)
= {}
= sample(b)

• r = (s).

flow({}, (s))
= flow({}, s)
⊆ [induction]

sample(s)
= sample((s))

block ((s))
= block(s)
⊆ [induction]

sample(s)
= sample((s))

• r = (s ##1 t).

flow({}, (s ##1 t))
= flow(Fs, t)
= [Theorem 4.1]

(Fs ∪ Ft) − Bt

⊆ [induction]
(Ss ∪ St) − Bt

⊆ (Ss ∪ St)
= sample((s ##1 t))

block ((s ##1 t))
= (Bs − Ft) ∪ Bt

⊆ Bs ∪ Bt

⊆ [induction]
Ss ∪ St

= sample((s ##1 t))

• r = (s ##0 t). Analogous to the argument for r = (s ##1 t).

• r = (s or t).
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flow({}, (s or t))
= Fs ∩ Ft

⊆ Fs ∪ Ft

⊆ [induction]
Ss ∪ St

= sample((s or t))

block ((s or t))
= Bs ∪ Bt

⊆ [induction]
Ss ∪ St

= sample((s or t))

• r = (s intersect t).

flow({}, (s intersect t))
= (Fs ∪ Ft) − block ((s intersect t))
⊆ Fs ∪ Ft

⊆ [induction]
Ss ∪ St

= sample((s intersect t))

block ((s intersect t))
= Bs ∪ Bt ∪ (Ss ∩ St)
⊆ [induction]

Ss ∪ St ∪ (Ss ∩ St)
= Ss ∪ St

= sample((s intersect t))

• r = first match(s). Analogous to the argument for r = (s).

• r = s[*0]. Analogous to the argument for r = b.

• r = s[*1:$]. Analogous to the argument for r = (s).
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5 Basic Properties of Tight Satisfaction

The first theorem in this section shows consistency between the treatment of local
variable flow in the definitions of flow and of tight satisfaction. The second theorem
shows a conservation result that in the absence of assignment, local variables persist
with values unchanged. Both are important for showing that the definitions achieve
the intended intuitive behavior of local variables.

Lemma 5.1. If w, L0, L1 |≡ r, then no letter of w is ⊥.

Proof: By induction over the structure of r. Write “good (w)” to mean that no
letter of w is ⊥.

• r = (t v; s).

w, L0, L1 |≡ (t v; s)
⇒ there exists L such that w, L0\v, L |≡ s
⇒ [induction]

good (w)

• r = (1, v = e).

w, L0, L1 |≡ (1, v = e)

⇒ |w| = 1 and w0 1

⇒ |w| = 1 and w0 6= ⊥
⇒ good (w)

• r = b.

w, L0, L1 |≡ b

iff |w| = 1 and w0 b[L0] and L1 = L0

⇒ |w| = 1 and w0 6= ⊥
⇒ good (w)

• r = (r1).

w, L0, L1 |≡ (r1)

iff w, L0, L1 |≡ r1

⇒ [induction]
good (w)

• r = (r1 ##1 r2).

w, L0, L1 |≡ (r1 ##1 r2)

iff there exist u, v, L such that w = uv and u, L0, L |≡ r1 and
v, L, L1 |≡ r2

⇒ [induction]
there exist u, v such that w = uv and good (u) and good (v)

⇒ good (w)
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• r = (r1 ##0 r2).

w, L0, L1 |≡ (r1 ##0 r2)

iff there exist x, y, z, L such that w = xyz and |y| = 1 and xy, L0, L |≡ r1

and yz, L, L1 |≡ r2

⇒ [induction]
there exist x, y, z such that w = xyz and good (xy) and good (yz)

⇒ good (w)

• r = (r1 or r2).

w, L0, L1 |≡ (r1 or r2)

⇒ there exists L such that w, L0, L |≡ r1 or w, L0, L |≡ r2

⇒ [induction]
good (w) or good (w)

iff good (w)

• r = (r1 intersect r2).

w, L0, L1 |≡ (r1 intersect r2)

⇒ there exists L, L′ such that w, L0, L |≡ r1 and w, L0, L
′ |≡ r2

⇒ [induction]
good (w) and good (w)

iff good (w)

• r = first match(r1).

w, L0, L1 |≡ first match(r1)

⇒ w, L0, L1 |≡ r1

⇒ [induction]
good (w)

• r = r1[*0].

w, L0, L1 |≡ r1[*0]

⇒ |w| = 0
⇒ good (w)

• r = r1[*1:$].

w, L0, L1 |≡ r1[*1:$]

iff there exist k > 0 and L0 = L′
0, w1, L

′
1, . . . , L

′
k−1, wk, L′

k = L1 such that
w = w1 · · ·wk and wj , L

′
j−1, L

′
j |≡ r1 for all 1 ≤ j ≤ k

⇒ [induction]
there exist k > 0 and w1, . . . , wk such that w = w1 · · ·wk and good (wj)
for all 1 ≤ j ≤ k

⇒ good (w)
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Lemma 5.2.

1. block ((s intersect t)) ∪ sample(t) = block (s) ∪ sample(t).

2. block ((s intersect t)) ∪ sample(s) = block (t) ∪ sample(s).

3. (block (s) ∪ sample(t)) ∩ (block (t) ∪ sample(s)) = block ((s intersect t)).

Proof:

block ((s intersect t)) ∪ sample(t)
= Bs ∪ Bt ∪ (Ss ∩ St) ∪ St

= Bs ∪ Bt ∪ St

= [Theorem 4.5]
Bs ∪ St

This proves part 1. Part 2 follows by symmetry. For part 3,

(Bs ∪ St) ∩ (Bt ∪ Ss)
= [parts 1 and 2]

(B(s intersect t) ∪ St) ∩ (B(s intersect t) ∪ Ss)

= B(s intersect t) ∪ (Ss ∩ St)

= B(s intersect t)

The following lemma gives a representation of the flow through “intersect”
as a symmetric union. It shows the way in which flow through “intersect” is
analogous to symmetric difference.

Lemma 5.3.

1. X/(s intersect t) = (X/s − St) ∪ (X/t− Ss).

2. The sets D′, D′′ in the definition of tight satisfaction of intersection are

D′ = flow(dom(L0), s) − sample(t)

D′′ = flow(dom(L0), t) − sample(s)

Proof:

X/s− St

= [Theorem 4.1]
(X ∪ Fs) − (Bs ∪ St)

= (X − (Bs ∪ St)) ∪ (Fs − (Bs ∪ St))

Note that
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Fs − (Bs ∪ St)
= [Lemma 5.2]

Fs − (B(s intersect t) ∪ St)

= [by Theorem 4.5(1), Fs ⊆ Ss]
Fs − (B(s intersect t) ∪ (Ss ∩ St))

= [Ss ∩ St ⊆ B(s intersect t)]

Fs − B(s intersect t)

Similarly
X/t− Ss = (X − (Bt ∪ Ss)) ∪ (Ft − B(s intersect t))

Therefore

(X/s− St) ∪ (X/t − Ss)
= (X − (Bs ∪ St)) ∪ (X − (Bt ∪ Ss))

∪
(Fs − B(s intersect t)) ∪ (Ft − B(s intersect t))

= (X − ((Bs ∪ St) ∩ (Bt ∪ Ss)))
∪
((Fs ∪ Ft) − B(s intersect t))

= [Lemma 5.2]
(X − B(s intersect t))

∪
((Fs ∪ Ft) − B(s intersect t))

= (X − B(s intersect t)) ∪ F(s intersect t)
= [Corollary 4.2(2)]

X/(s intersect t)

This proves part 1. Let X = dom(L0).

D′

= X/s− (B(s intersect t) ∪ St)

= [Lemma 5.2]
X/s− (Bs ∪ St)

= [by Corollary 4.2(1), X/s ∩ Bs = {}]
X/s− St

Similarly,
D′′ = X/t − Ss

This proves part 2.

Remark: Lemma 5.3 shows that

(flow(X, s) − sample(t)) ∪ (flow(X, t) − sample(s))

could be taken as the definition of

flow (X, (s intersect t))

eliminating the dependency of the definition of flow on the auxiliary function block .
This topic is discussed further in Section 7.
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The following theorem shows consistency in the treatment of local variables in
the definition of flow and in the definition of tight satisfaction. It shows that the
domains of the incoming and outgoing local variable contexts in the tight satisfaction
relation are related by flow . This theorem is claimed in Annex G, Subsection G.3.4,
p. 350 of [SV].

Theorem 5.4. If w, L0, L1 |≡ r, then dom(L1) = flow(dom(L0), r).

Proof: By induction over the structure of r. Assume w, L0, L1 |≡ r.

• r = (t v; s). Then there exists L such that w, L0\v, L |≡ s and L1 = L0[v] ∪
(L\v).

dom(L1)
= dom(L0[v]) ∪ dom(L\v)
= (dom(L0) ∩ {v}) ∪ (dom(L) − {v})
= [induction]

(dom(L0) ∩ {v}) ∪ (flow (dom(L0\v), s) − {v})
= (dom(L0) ∩ {v}) ∪ (flow (dom(L0) − {v}), s) − {v})
= flow(dom(L0), (t v; s))

• r = (1, v = e).

dom(L1)
= dom({(v, e[L0, w

0])} ∪ (L0\v))
= {v} ∪ (dom(L0) − {v})
= dom(L0) ∪ {v}
= flow(dom(L0), (1, v = e))

• r = b.

dom(L1)
= dom(L0)
= flow(dom(L0), b)

• r = (s). Then w, L0, L1 |≡ s, so

dom(L1)
= [induction]

flow(dom(L0), s)
= flow(dom(L0), (s))

• r = (s ##1 t). Then there exist x, y, L′ such that x, L0, L
′ |≡ s and y, L′, L1 |≡ t.

Then

dom(L1)
= [induction]

flow(dom(L′), t)
= [induction]

flow(flow(dom(L0), s), t)
= flow(dom(L0), (s ##1 t))
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• r = (s ##0 t). Then there exist x, y, z, L′ such that w = xyz and |y| = 1 and
xy, L0, L

′ |≡ s and yz, L′, L1 |≡ t. Then

dom(L1)
= [induction]

flow(dom(L′), t)
= [induction]

flow(flow(dom(L0), s), t)
= flow(dom(L0), (s ##0 t))

• r = (s or t). Then there exists L′ such that both of the following hold:

– either w, L0, L
′ |≡ s or w, L0, L

′ |≡ t, and

– L1 = L′|D , where D = flow(dom(L0), (s or t)).

Suppose w, L0, L
′ |≡ s. By induction, dom(L′) = flow(dom(L0), s). Since

D = flow(dom(L0), s) ∩ flow(dom(L0), t) ⊆ dom(L′)

we get dom(L1) = D. Similarly if w, L0, L
′ |≡ t.

• r = (s intersect t). By Lemma 5.3, there exist L′, L′′ such that w, L0, L
′ |≡ s

and w, L0, L
′′ |≡ t and L1 = L′|D′ ∪ L′′|D′′ , where

D′ = flow(dom(L0), s) − sample(t)

D′′ = flow(dom(L0), t) − sample(s)

Lemma 5.3 also implies that

D′ ∪ D′′ = flow(dom(L0), (s intersect t))

By induction, dom(L′) = flow(dom(L0), s) and dom(L′′) = flow(dom(L0), t), so
D′ ⊆ dom(L′) and D′′ ⊆ dom(L′′). Therefore,

dom(L1) = D′ ∪ D′′

• r = first match(s). Then w, L0, L1 |≡ s. By induction,

dom(L1) = flow(dom(L0), s) = flow(dom(L0), first match(s))

• r = s[*0]. Then L1 = L0, so

dom(L1) = dom(L0) = flow(dom(L0), s[*0])

• r = s[*1:$]. Then there exist L(0) = L0, w1, L(1), w2, L(2), . . . , wj , L(j) = L1

(j ≥ 1) such that w = w1 · · ·wj and for every i such that 1 ≤ i ≤ j,
wi, L(i−1), L(i) |≡ s. By induction, for every i such that 1 ≤ i ≤ j,

dom(L(i)) = flow(dom(L(i−1)), s)

By Proposition 4.4, flow (flow(X, s), s) = flow (X, s). Therefore, for every i such
that 1 ≤ i ≤ j,

flow(dom(L(i)), s) = flow (dom(L(i−1)), s)

and so
dom(L1) = flow (dom(L0), s) = flow(dom(L0), s[*1:$])

23



The following theorem shows a conservation result that in the absence of assign-
ment, local variables persist with values unchanged.

Theorem 5.5. If w, L0, L1 |≡ r and v ∈ dom(L0) − sample(r), then v ∈ dom(L1)
and L1(v) = L0(v).

Proof: By induction over the structure of r. Note that Theorems 4.1, 4.5, and 5.4
give

dom(L1) = flow(dom(L0), r)

= (dom(L0) ∪ flow ({}, r)) − block (r)

⊇ dom(L0) − sample(r)

Therefore, v ∈ dom(L1).

• r = (t v′; s). Then there exists L such that w, L0\v
′, L |≡ s and

L1 = L0[v
′] ∪ (L\v′) .

Note that sample(r) = sample(s) − {v′}. If v = v′, then L1(v) = L1(v
′) =

L0(v
′) = L0(v). Otherwise v ∈ dom(L0\v

′) − sample(s), so by induction v ∈
dom(L) and L(v) = (L0\v

′)(v) = L0(v), hence L1(v) = L0(v).

• r = (1, v′ = e). Then

L1 = {(v′, e[L0, w
0])} ∪ (L0\v

′)

Since sample((1, v′ = e)) = {v′}, v 6= v′, and thus L1(v) = L0(v).

• r = b. Then L1 = L0.

• r = (s). Then w, L0, L1 |≡ s. Since sample(r) = sample(s), v ∈ dom(L0) −
sample(s), so induction gives L1(v) = L0(v).

• r = (s ##1 t). Then there exist x, y, L′ such that x, L0, L
′ |≡ s and y, L′, L1 |≡ t.

Note that sample(r) = sample(s) ∪ sample(t). Therefore, v ∈ dom(L0) −
sample(s), so by induction v ∈ dom(L′) and L′(v) = L0(v). Therefore v ∈
dom(L′) − sample(t), so by induction L1(v) = L′(v), hence L1(v) = L0(v).

• r = (s ##0 t). Similar to the argument for r = (s ##1 t).

• r = (s or t). Then there exists L′ such that both of the following hold:

– either w, L0, L
′ |≡ s or w, L0, L

′ |≡ t, and

– L1 = L′|D , where D = flow(dom(L0), (s or t)).

Suppose w, L0, L
′ |≡ s. Since sample(r) = sample(s) ∪ sample(t), it follows that

v ∈ dom(L0) − sample(s), and so by induction, v ∈ dom(L′) and L′(v) = L0(v).
Since L1 = L′|D and v ∈ dom(L1), it follows that L1(v) = L′(v). Similarly if
w, L0, L

′ |≡ t.
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• r = (s intersect t). Then there exist L′, L′′, D′, D′′ such that w, L0, L
′ |≡ s

and w, L0, L
′′ |≡ t and L1 = L′|D′ ∪ L′′|D′′ . Note that sample(r) = sample(s) ∪

sample(t). Therefore, v ∈ dom(L0) − sample(s), so by induction v ∈ dom(L′)
and L′(v) = L0(v). Similarly, v ∈ dom(L′′) and L′′(v) = L0(v). Since v ∈ L1,
either v ∈ dom(L′|D′) or v ∈ dom(L′′|D′′), and in either case it follows that
L1(v) = L0(v).

• r = first match(s). Then w, L0, L1 |≡ s. Since sample(r) = sample(s), v ∈
dom(L0) − sample(s). By induction, L1(v) = L0(v).

• r = s[*0]. Then L1 = L0.

• r = s[*1:$]. Then there exist L(0) = L0, w1, L(1), w2, L(2), . . . , wj , L(j) = L1

(j ≥ 1) such that w = w1 · · ·wj and for every i such that 1 ≤ i ≤ j,
wi, L(i−1), L(i) |≡ s. Note that sample(r) = sample(s). Therefore, by induction,
for every i such that 1 ≤ i ≤ j,

v ∈ dom(L(i)) and L(i)(v) = L(i−1)(v)

It follows that L1(v) = L0(v).

A local variable context is, by definition, a function. In the definition of tight
satisfaction for “intersect”, the outgoing local variable context L1 is required to be
equal to a union of functions, “L′|D′∪L′′|D′′”. The following proposition shows that
this union is guaranteed to be a function, so there is no extra condition imposed by
well-definedness of L1. This proposition is claimed in Annex G, Subsection G.3.4,
p. 350 of [SV].

Proposition 5.6. In the definition of tight satisfaction for intersection, L′|D′ ∪
L′′|D′′ is a function.

Proof: Each of L′, L′′ is a function. Let X = dom(L0). By Lemma 5.3,

D′ = X/s− St

D′′ = X/t− Ss

By Theorem 5.4, dom(L′) = X/s ⊇ D′ and dom(L′′) = X/t ⊇ D′′. It suffices to
show that if v ∈ D′ ∩ D′′, then L′(v) = L′′(v). Note that

D′ ∩ D′′

= (X/s ∩ X/t)− (Ss ∪ St)
= [Theorem 4.1]

(((X ∪ Fs) − Bs) ∩ ((X ∪ Ft) − Bt)) − (Ss ∪ St)
= [By Theorem 4.5, Fs ∪ Bs ∪ Ft ∪ Bt ⊆ Ss ∪ St]

X − (Ss ∪ St)

Let v ∈ D′ ∩ D′′. Then v ∈ X − Ss. Since w, L0, L
′ |≡ s, Theorem 5.5 gives

L′(v) = L0(v). Similarly, L′′(v) = L0(v).
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6 Algebraic Properties

The algebraic properties of the various sequence-building operators can be studied at
several levels. At the level of the sequences themselves, there is not much interesting
to say since syntactically distinct sequences are distinct. The study of algebraic
properties is more fruitful on equivalence classes of sequences relative to various
equivalence relations. The equivalence relations of immediate interest are those
derived from the definitions of tight satisfaction and of the auxiliary functions,
sample, block , and flow .

Definition 6.0.

• s and t are sample equivalent iff sample(s) = sample(t).

• s and t are block equivalent iff block (s) = block (t).

• s and t are flow equivalent iff for all X , flow(X, s) = flow(X, t).

• s and t are semantically equivalent iff for all w, L0, L1, w, L0, L1 |≡ s iff
w, L0, L1 |≡ t.

Thus, to say that “or” is commutative at the level of sample means that

sample((s or t)) = sample((t or s))

for all sequences s, t. On the other hand, to say that “or” is commutative at the
semantic level means that for all s, t, w, L0, L1,

w, L0, L1 |≡ (s or t) iff w, L0, L1 |≡ (t or s)

For users of SystemVerilog 3.1 Assertions, algebraic properties at the semantic
level are the most important. Therefore, this section is concerned mainly with
the semantic level. The semantic level is also the most difficult, since it involves
not only which local variables flow, but also what values they have in the local
variable contexts. Results about the other levels of equivalence are, not surprisingly,
established along the way.

6.1 Commutativity

If “�” is a binary operator on a set A, then “�” is said to be commutative if
a � b = b � a for all a, b ∈ A.

The symmetry of the definitions for “or”, “intersect”, and “and” leads easily
to the following propositions, which are stated without proof. They show that “or”,
“intersect”, and “and” are all commutative at the levels of sample, block , flow ,
and at the semantic level.

Proposition 6.1.1 (commutativity of “or”).

1. S(s or t) = S(t or s).
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2. B(s or t) = B(t or s).

3. X/(s or t) = X/(t or s).

4. w, L0, L1 |≡ (s or t) iff w, L0, L1 |≡ (t or s).

Proposition 6.1.2 (commutativity of “intersect”).

1. S(s intersect t) = S(t intersect s).

2. B(s intersect t) = B(t intersect s).

3. X/(s intersect t) = X/(t intersect s).

4. w, L0, L1 |≡ (s intersect t) iff w, L0, L1 |≡ (t intersect s).

Proposition 6.1.3 (commutativity of “and”).

1. S(s and t) = S(t and s).

2. B(s and t) = B(t and s).

3. X/(s and t) = X/(t and s).

4. w, L0, L1 |≡ (s and t) iff w, L0, L1 |≡ (t and s).

6.2 Associativity

If “�” is a binary operator on a set A, then “�” is said to be associative if a�(b�c) =
(a � b) � c for all a, b, c ∈ A.

Associativity of “intersect”

The following proposition shows that “intersect” is associative at the level of flow .

Proposition 6.2.1.

X/(r intersect (s intersect t))
= X/((r intersect s) intersect t)
= (X/r − (Ss ∪ St)) ∪ (X/s− (Sr ∪ St)) ∪ (X/t− (Sr ∪ Ss))
= (X/r ∪ X/s ∪ X/t)− (Br ∪ Bs ∪ Bt ∪ (Ss ∩ St) ∪ (Sr ∩ Ss) ∪ (Sr ∩ St))

Proof:
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X/(r intersect (s intersect t))
= [Lemma 5.3]

(X/r − S(s intersect t)) ∪ (X/(s intersect t)− Sr)

= [Lemma 5.3]
(X/r − (Ss ∪ St)) ∪ (((X/s − St) ∪ (X/t− Ss)) − Sr)

= (X/r − (Ss ∪ St)) ∪ (X/s− (Sr ∪ St)) ∪ (X/t− (Sr ∪ Ss))
= (((X/r − Ss) ∪ (X/s − Sr)) − St) ∪ (X/t − (Sr ∪ Ss))
= [Lemma 5.3]

(X/(r intersect s)− St) ∪ (X/t − S(r intersect s))

= [Lemma 5.3]
X/((r intersect s) intersect t)

This proves the first two equalities.

X/(r intersect (s intersect t))
= (X/r ∪ X/(s intersect t))

− [Br ∪ B(s intersect t) ∪ (Sr ∩ S(s intersect t))]

= (X/r ∪ ((X/s ∪ X/t) − B(s intersect t)))

− (Br ∪ B(s intersect t) ∪ (Sr ∩ S(s intersect t)))

= (X/r ∪ X/s ∪ X/t) − (Br ∪ B(s intersect t) ∪ (Sr ∩ S(s intersect t)))

= (X/r ∪ X/s ∪ X/t) − (Br ∪ Bs ∪ Bt ∪ (Ss ∩ St) ∪ (Sr ∩ (Ss ∪ St)))
= (X/r ∪ X/s ∪ X/t)− (Br ∪ Bs ∪ Bt ∪ (Ss ∩ St) ∪ (Sr ∩ Ss) ∪ (Sr ∩ St))

This proves the third equality.

Theorem 6.2.2. w, L0, L1 |≡ (r intersect (s intersect t)) iff there exist Lr,

Ls, Lt such that

w, L0, Lr |≡ r, w, L0, Ls |≡ s, w, L0, Lt |≡ t

and

L1 = Lr|Dr
∪ Ls|Ds

∪ Lt|Dt

where

Dr = dom(L0)/r − (Ss ∪ St)

Ds = dom(L0)/s − (Sr ∪ St)

Dt = dom(L0)/t − (Sr ∪ Ss)

Proof: Let X = dom(L0).

w, L0, L1 |≡ (r intersect (s intersect t))
iff [Lemma 5.3]

there exist L′, L′′ such that w, L0, L
′ |≡ r and w, L0, L

′′ |≡ (s intersect t),
and L1 = L′|D′ ∪ L′′|D′′ , where

D′ = X/r − S(s intersect t)
D′′ = X/(s intersect t)− Sr

iff [definition of w, L0, L
′′ |≡ (s intersect t), Lemma 5.3]

there exist L′, L′′, L′
∗, L

′′
∗ such that w, L0, L

′ |≡ r and w, L0, L
′
∗ |≡ s and

w, L0, L
′′
∗ |≡ t, and such that L′′ = L′

∗|D′

∗
∪ L′′

∗ |D′′

∗
, where
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D′
∗ = X/s− St

D′′
∗ = X/t− Ss ,

and such that L1 = L′|D′ ∪ L′′|D′′ , where
D′ = X/r − S(s intersect t)
D′′ = X/(s intersect t)− Sr

iff [L′′ is determined by L′′ = L′
∗|D′

∗
∪ L′′

∗ |D′′

∗
]

there exist L′, L′
∗, L

′′
∗ such that w, L0, L

′ |≡ r and w, L0, L
′
∗ |≡ s and

w, L0, L
′′
∗ |≡ t, and such that L1 = L′|D′ ∪ (L′

∗|D′

∗

∪ L′′
∗ |D′′

∗

)|D′′ , where
D′

∗ = X/s− St

D′′
∗ = X/t− Ss

D′ = X/r − S(s intersect t)
D′′ = X/(s intersect t)− Sr

iff [let Lr = L′, Ls = L′
∗, Lt = L′′

∗ ]
there exist Lr, Ls, Lt such that w, L0, Lr |≡ r and w, L0, Ls |≡ s and
w, L0, Lt |≡ t, and such that L1 = Lr|D′ ∪ (Ls|D′

∗
∪ Lt|D′′

∗
)|D′′ , where

D′
∗ = X/s− St

D′′
∗ = X/t− Ss

D′ = X/r − S(s intersect t)
D′′ = X/(s intersect t)− Sr

iff [(Ls|D′

∗
∪ Lt|D′′

∗
)|D′′ = Ls|D′

∗
∩D′′ ∪ Lt|D′′

∗
∩D′′ ]

there exist Lr, Ls, Lt such that w, L0, Lr |≡ r and w, L0, Ls |≡ s and
w, L0, Lt |≡ t, and such that L1 = Lr|D′ ∪ Ls|D′

∗
∩D′′ ∪ Lt|D′′

∗
∩D′′ , where

D′
∗ = X/s− St

D′′
∗ = X/t− Ss

D′ = X/r − S(s intersect t)
D′′ = X/(s intersect t)− Sr

iff [let Dr = D′, Ds = D′
∗ ∩ D′′, Dt = D′′

∗ ∩ D′′]
(A):
there exist Lr, Ls, Lt such that w, L0, Lr |≡ r and w, L0, Ls |≡ s and
w, L0, Lt |≡ t, and such that L1 = Lr|Dr

∪ Ls|Ds
∪ Lt|Dt

, where
Dr = X/r − S(s intersect t)
Ds = (X/s − St)

∩
(X/(s intersect t)− Sr)

Dt = (X/t − Ss)
∩
(X/(s intersect t)− Sr)

Note that

Dr = X/r − (Ss ∪ St)

Also,

X/(s intersect t)− Sr

= ((X/s ∪ X/t) − (Bs ∪ Bt ∪ (Ss ∩ St))) − Sr

= (X/s ∪ X/t)− (Bs ∪ Bt ∪ Sr ∪ (Ss ∩ St))

Therefore,

Ds

= (X/s− St)
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∩
((X/s ∪ X/t) − (Bs ∪ Bt ∪ Sr ∪ (Ss ∩ St)))

= X/s− (Bs ∪ Bt ∪ Sr ∪ St)
= [Theorem 4.5(2)]

X/s− (Bs ∪ Sr ∪ St)
= [by Corollary 4.2(1), X/s ∩ Bs = {}]

X/s− (Sr ∪ St)

Similarly,
Dt = X/t − (Sr ∪ Ss)

Therefore, (A) holds iff there exist Lr, Ls, Lt such that w, L0, Lr |≡ r, w, L0, Ls |≡ s,
w, L0, Lt |≡ t and L1 = Lr|Dr

∪ Ls|Ds
∪ Lt|Dt

, where

Dr = X/r − (Ss ∪ St)

Ds = X/s− (Sr ∪ St)

Dt = X/t − (Sr ∪ Ss)

The next corollary follows from the commutativity of “intersect” and the sym-
metry of the semantic characterization in Theorem 6.2.2. It shows that “intersect”
is associative at the semantic level.

Corollary 6.2.3.

w, L0, L1 |≡ (r intersect (s intersect t))

iff

w, L0, L1 |≡ ((r intersect s) intersect t)

Associativity of “or”

The following proposition shows that “or” is associative at the level of flow .

Proposition 6.2.4.

X/(r or (s or t)) = X/((r or s) or t) = X/r ∩ X/s ∩ X/t

Proof:

X/(r or (s or t)))
= X/r ∩ X/(s or t)
= X/r ∩ (X/s ∩ X/t)
= (X/r ∩ X/s) ∩ X/t
= X/(r or s) ∩ X/t
= X/((r or s) or t)
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Theorem 6.2.5. w, L0, L1 |≡ (r or (s or t)) iff there exists L such that

w, L0, L |≡ r or w, L0, L |≡ s or w, L0, L |≡ t

and such that L1 = L|D, where D = dom(L0)/r ∩ dom(L0)/s ∩ dom(L0)/t.

Proof: Let X = dom(L0).

w, L0, L1 |≡ (r or (s or t))
iff there exists L such that either w, L0, L |≡ r or w, L0, L |≡ (s or t) and such

that L1 = L|D, where D = X/(r or (s or t))
iff [Proposition 6.2.4]

there exists L such that either w, L0, L |≡ r or w, L0, L |≡ (s or t) and such
that L1 = L|D, where D = X/r ∩ X/s ∩ X/t

iff [definition of w, L0, L |≡ (s or t)]
there exists L such that
either

w, L0, L |≡ r and L1 = L|D, where D = X/r ∩ X/s ∩ X/t
or

there exists L′ such that either w, L0, L
′ |≡ s or w, L0, L

′ |≡ t
and such that L1 = L|D and L = L′|D′ , where D = X/r ∩ X/s ∩ X/t and
D′ = X/(s or t) = X/s ∩ X/t

iff [in the second disjunct, L is determined and L1 = L′|D∩D′ = L′|D ]
either

there exists L such that w, L0, L |≡ r and L1 = L|D, where
D = X/r ∩ X/s ∩ X/t

or
there exists L′ such that either w, L0, L

′ |≡ s or w, L0, L
′ |≡ t

and such that L1 = L′|D , where D = X/r ∩ X/s ∩ X/t
iff there exists L such that L1 = L|D, where D = X/r ∩ X/s ∩ X/t, and such that

either w, L0, L |≡ r or w, L0, L |≡ s or w, L0, L |≡ t

The next corollary follows from the commutativity of “or” and the symmetry of
the semantic characterization in Theorem 6.2.5. It shows that “or” is associative
at the semantic level.

Corollary 6.2.6.

w, L0, L1 |≡ (r or (s or t)) iff w, L0, L1 |≡ ((r or s) or t)

Associativity of “and”

The “and” operator is derived according to

(s and t)

≡ (((s ##1 1[*0:$]) intersect t) or (s intersect (t ##1 1[*0:$])))
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The following lemmas derive the local variable flow and semantics of tight satisfac-
tion for “and”.

Lemma 6.2.7.

1. S1[*0:$] = {}.

2. S(s ##1 1[*0:$]) = Ss.

3. S((s ##1 1[*0:$]) intersect t) = Ss ∪ St.

4. S(s and t) = Ss ∪ St.

Proof:

S1[*0:$]
= S(1[*0] or 1[*1:$])
= S1[*0] ∪ S1[*1:$]
= {} ∪ S1
= {} ∪ {}
= {}

This proves part 1.

S(s ##1 1[*0:$])
= Ss ∪ S1[*0:$]
= [part 1]

Ss ∪ {}
= Ss

This proves part 2.

S((s ##1 1[*0:$]) intersect t)
= S(s ##1 1[*0:$]) ∪ St

= [part 2]
Ss ∪ St

This proves part 3.

S(s and t)
= S(((s ##1 1[*0:$]) intersect t) or (s intersect (t ##1 1[*0:$])))
= S((s ##1 1[*0:$]) intersect t) ∪ S(s intersect (t ##1 1[*0:$]))
= [part 3, commutativity of “intersect”]

(Ss ∪ St) ∪ (Ss ∪ St)
= Ss ∪ St

This proves part 4.

Lemma 6.2.8.

1. B1[*0:$] = {}.

2. B(s ##1 1[*0:$]) = Bs.

3. B((s ##1 1[*0:$]) intersect t) = B(s intersect t).
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4. B(s and t) = B(s intersect t).

Proof:

B1[*0:$]
= B(1[*0] or 1[*1:$])
= B1[*0] ∩ B1[*1:$]
= {} ∩ B1
= {}

This proves part 1.

B(s ##1 1[*0:$])
= (Bs − F1[*0:$]) ∪ B1[*0:$]
= [part 1]

Bs − F1[*0:$]
= Bs − F(1[*0] or 1[*1:$])
= Bs − (F1[*0] ∩ F1[*1:$])

= Bs − ({} ∩ F1)
= Bs − {}
= Bs

This proves part 2.

B((s ##1 1[*0:$]) intersect t)
= B(s ##1 1[*0:$]) ∪ Bt ∪ (S(s ##1 1[*0:$]) ∩ St)

= [part 2, Lemma 6.2.8(2)]
Bs ∪ Bt ∪ (Ss ∩ St)

= B(s intersect t)

This proves part 3.

B(s and t)
= B(((s ##1 1[*0:$]) intersect t) or (s intersect (t ##1 1[*0:$])))
= B((s ##1 1[*0:$]) intersect t) ∪ B(s intersect (t ##1 1[*0:$]))
= [part 3, commutativity of “intersect”]

B(s intersect t) ∪ B(s intersect t)
= B(s intersect t)

This proves part 4.

Lemma 6.2.9.

1. X/1[*0:$] = X .

2. X/(s ##1 1[*0:$]) = X/s.

3. X/((s ##1 1[*0:$]) intersect t) = X/(s intersect t).

4. X/(s and t) = X/(s intersect t).

Proof:
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X/1[*0:$]
= X/(1[*0] or 1[*1:$])

= (X/1[*0]) ∩ (X/1[*1:$])
= X ∩ (X/1)
= X ∩ X
= X

This proves part 1.

X/(s ##1 1[*0:$])

= (X/s)/1[*0:$]
= [part 1]

X/s

This proves part 2.

X/((s ##1 1[*0:$]) intersect t)
= (X/(s ##1 1[*0:$]) ∪ X/t) − (B(s ##1 1[*0:$]) ∪ Bt ∪ (S(s ##1 1[*0:$]) ∩ St))

= [Lemma 6.2.7(2), Lemma 6.2.8(2)]
(X/(s ##1 1[*0:$]) ∪ X/t) − (Bs ∪ Bt ∪ (Ss ∩ St))

= [part 2]
(X/s ∪ X/t)− (Bs ∪ Bt ∪ (Ss ∩ St))

= X/(s intersect t)

This proves part 3.

X/(s and t)
= X/((s intersect (t ##1 1[*0:$])) or ((s ##1 1[*0:$]) intersect t))
= X/(s intersect (t ##1 1[*0:$])) ∩ X/((s ##1 1[*0:$]) intersect t)
= [part 3, commutativity of “intersect”]

X/(s intersect t) ∩ X/(s intersect t)
= X/(s intersect t)

This proves part 4.

Lemma 6.2.9(4) and Proposition 6.2.1 yield the following corollary, which shows
that “and” is associative at the level of flow .

Corollary 6.2.10.

X/(r and (s and t))
= X/((r and s) and t)
= (X/r − (Ss ∪ St)) ∪ (X/s− (Sr ∪ St)) ∪ (X/t− (Sr ∪ Ss))
= (X/r ∪ X/s ∪ X/t)− (Br ∪ Bs ∪ Bt ∪ (Ss ∩ St) ∪ (Sr ∩ Ss) ∪ (Sr ∩ St))

Lemma 6.2.11.

0. w, L0, L1 |≡ 1[*1:$] iff L1 = L0, |w| > 0, and no letter of w is ⊥.

1. w, L0, L1 |≡ 1[*0:$] iff L1 = L0 and no letter of w is ⊥.

2. w, L0, L1 |≡ (s ##1 1[*0:$]) iff there exist u, v such that w = uv and

u, L0, L1 |≡ s and no letter of v is ⊥.

34



3. w, L0, L1 |≡ ((s ##1 1[*0:$]) intersect t) iff there exist u, v, Ls, Lt such that

w = uv and u, L0, Ls |≡ s and w, L0, Lt |≡ t and L1 = Ls|Ds
∪ Lt|Dt

, where

Ds = dom(L0)/s − St

Dt = dom(L0)/t − Ss

4. w, L0, L1 |≡ (s and t) iff there exist us, vs, ut, vt, Ls, Lt such that w = usvs = utvt

and at least one of vs, vt is empty and us, L0, Ls |≡ s and ut, L0, Lt |≡ t and

L1 = Ls|Ds
∪ Lt|Dt

, where

Ds = dom(L0)/s − St

Dt = dom(L0)/t − Ss

Proof: Let X = dom(L0).

w, L0, L1 |≡ 1[*1:$]

iff there exist L(0) = L0, w1, L(1), w2, L(2), . . . , wj , L(j) = L1 (j ≥ 1) such that
w = w1 · · ·wj and for every i such that 1 ≤ i ≤ j, wi, L(i−1), L(i) |≡ 1

iff there exist L(0) = L0, w1, L(1), w2, L(2), . . . , wj , L(j) = L1 (j ≥ 1) such that
w = w1 · · ·wj and for every i such that 1 ≤ i ≤ j, |wi| = 1 and wi 6= ⊥
and L(i−1) = L(i)

iff |w| > 0 and no letter of w is ⊥ and L0 = L1

This proves part 0.

w, L0, L1 |≡ 1[*0:$]

iff w, L0, L1 |≡ (1[*0] or 1[*1:$])

iff there exists L such that both of the following hold:
– either w, L0, L |≡ 1[*0] or w, L0, L |≡ 1[*1:$], and
– L1 = L|D, where D = X/(1[*0] or 1[*1:$])

iff [proof of Lemma 6.2.9(1)]
there exists L such that both of the following hold:
– either w, L0, L |≡ 1[*0] or w, L0, L |≡ 1[*1:$], and
– L1 = L|X

iff [part 0]
there exists L such that L1 = L|X and either
– |w| = 0 and L0 = L, or
– |w| > 0 and L0 = L and no letter of w is ⊥

iff there exists L such that L1 = L|X and L = L0 and no letter of w is ⊥
iff L1 = L0 and no letter of w is ⊥

This proves part 1.

w, L0, L1 |≡ (s ##1 1[*0:$])

iff there exist u, v, L such that w = uv and u, L0, L |≡ s and
v, L, L1 |≡ 1[*0:$]

iff [part 1]
there exist u, v, L such that w = uv and u, L0, L |≡ s and L1 = L and no
letter of v is ⊥

iff there exist u, v such that w = uv and u, L0, L1 |≡ s and no letter of v is ⊥

This proves part 2.
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w, L0, L1 |≡ ((s ##1 1[*0:$]) intersect t)
iff [Lemma 5.3]

there exist Ls, Lt such that w, L0, Ls |≡ (s ##1 1[*0:$]) and w, L0, Lt |≡ t
and L1 = Ls|Ds

∪ Lt|Dt
, where

Ds = X/(s ##1 1[*0:$])− St

Dt = X/t− S(s ##1 1[*0:$])
iff [Lemma 6.2.7(2), Lemma 6.2.9(2)]

there exist Ls, Lt such that w, L0, Ls |≡ (s ##1 1[*0:$]) and w, L0, Lt |≡ t
and L1 = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s− St

Dt = X/t− Ss

iff [part 2]
there exist u, v, Ls, Lt such that w = uv and u, L0, Ls |≡ s and no letter of
v is ⊥ and w, L0, Lt |≡ t and L1 = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s− St

Dt = X/t− Ss

iff [by Lemma 5.1, if w, L0, Lt |≡ t then no letter of w is ⊥]
there exist u, v, Ls, Lt such that w = uv and u, L0, Ls |≡ s and
w, L0, Lt |≡ t and L1 = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s− St

Dt = X/t− Ss

This proves part 3.

w, L0, L1 |≡ (s and t)
iff there exists L such that L1 = L|D, where D = X/(s and t), and such that

either
– w, L0, L |≡ (s intersect (t ##1 1[*0:$])), or
– w, L0, L |≡ ((s ##1 1[*0:$]) intersect t)

iff [part 3, commutativity of “intersect”]
there exists L such that L1 = L|D, where D = X/(s and t), and such that
either
– there exist ut, vt, Ls, Lt such that w = utvt and w, L0, Ls |≡ s and

ut, L0, Lt |≡ t and L = Ls|Ds
∪ Lt|Dt

, where
Ds = X/s− St

Dt = X/t − Ss

or
– there exist us, vs, Ls, Lt such that w = usvs and us, L0, Ls |≡ s and

w, L0, Lt |≡ t and L = Ls|Ds
∪ Lt|Dt

, where
Ds = X/s− St

Dt = X/t − Ss

iff there exists L such that L1 = L|D, where D = X/(s and t), and such that
there exist us, vs, ut, vt, Ls, Lt such that w = usvs = utvt and at least one
of vs, vt is empty and us, L0, Ls |≡ s and ut, L0, Lt |≡ t and
L = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s− St

Dt = X/t − Ss

iff [L is determined by L = Ls|Ds
∪ Lt|Dt

]
(A):
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there exist us, vs, ut, vt, Ls, Lt such that w = usvs = utvt and at least one
of vs, vt is empty and us, L0, Ls |≡ s and ut, L0, Lt |≡ t and such that
L1 = Ls|Ds∩D ∪ Lt|Dt∩D, where

Ds = X/s− St

Dt = X/t − Ss

D = X/(s and t)

By Lemma 6.2.9(4) and Lemma 5.3,

X/(s and t) = X/(s intersect t) = Ds ∪ Dt

Therefore Ds ∩ D = Ds and Dt ∩ D = Dt, and (A) holds iff there exist
us, vs, ut, vt, Ls, Lt such that w = usvs = utvt and at least one of vs, vt is empty
and us, L0, Ls |≡ s and ut, L0, Lt |≡ t and L1 = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s − St

Dt = X/t − Ss

This proves part 4.

Theorem 6.2.12. w, L0, L1 |≡ (r and (s and t)) iff there exist ur, vr, us, vs, ut, vt

and there exist Lr, Ls, Lt such that w = urvr = usvs = utvt and at least one of

vr, vs, vt is empty and

ur, L0, Lr |≡ r, us, L0, Ls |≡ s, ut, L0, Lt |≡ t

and

L1 = Lr|Dr
∪ Ls|Ds

∪ Lt|Dt

where

Dr = dom(L0)/r − (Ss ∪ St)

Ds = dom(L0)/s − (Sr ∪ St)

Dt = dom(L0)/t − (Sr ∪ Ss)

Proof: Let X = dom(L0).

w, L0, L1 |≡ (r and (s and t))
iff [Lemma 6.2.11(4)]

there exist ur, vr, u, v, Lr, L such that w = urvr = uv and at least one of vr, v
is empty and ur, L0, Lr |≡ r and u, L0, L |≡ (s and t),
and L1 = Lr|Dr

∪ L|D, where
Dr = X/r − S(s and t)
D = X/(s and t)− Sr

iff [Lemma 6.2.11(4), applied to u, L0, L |≡ (s and t)]
there exist ur, vr, u, v, Lr, L such that w = urvr = uv and at least one of vr, v
is empty and ur, L0, Lr |≡ r and there exist us, v

′
s, ut, v

′
t, Ls, Lt such that

u = usv
′
s = utv

′
t and at least one of v′

s, v
′
t is empty and us, L0, Ls |≡ s and

ut, L0, Lt |≡ t and L = Ls|D′

s
∪ Lt|D′

t
, where
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D′
s = X/s − St

D′
t = X/t− Ss

and L1 = Lr|Dr
∪ L|D, where

Dr = X/r − S(s and t)
D = X/(s and t)− Sr

iff [u = usv
′
s = utv

′
t determines u; L = Ls|D′

s
∪ Lt|D′

t
determines L]

there exist ur, vr, us, v
′
s, ut, v

′
t, v, Lr, Ls, Lt such that w = urvr = usv

′
sv = utv

′
tv

and at least one of vr, v is empty and at least one of v′
s, v

′
t is empty and

ur, L0, Lr |≡ r and us, L0, Ls |≡ s and ut, L0, Lt |≡ t and
L1 = Lr|Dr

∪ Ls|D′

s∩D ∪ Lt|D′

t∩D, where
Dr = X/r − S(s and t)
D′

s = X/s − St

D′
t = X/t− Ss

D = X/(s and t)− Sr

iff [let vs = v′sv, vt = v′tv; at least one of vr, vs, vt is empty iff both at least one of
vr, v is empty and at least one of v′

s, v
′
t is empty]

(A):
there exist ur, vr, us, vs, ut, vt, Lr, Ls, Lt such that w = urvr = usvs = utvt and
at least one of vr, vs, vt is empty and ur, L0, Lr |≡ r and us, L0, Ls |≡ s and
ut, L0, Lt |≡ t and L1 = Lr|Dr

∪ Ls|D′

s∩D ∪ Lt|D′

t∩D, where
Dr = X/r − S(s and t)
D′

s = X/s − St

D′
t = X/t− Ss

D = X/(s and t)− Sr

By Lemma 6.2.7(4),
Dr = X/r − (Ss ∪ St)

Also,

D
= X/(s and t)− Sr

= [Lemma 6.2.9(4)]
X/(s intersect t)− Sr

= (X/s ∪ X/t)− (Bs ∪ Bt ∪ Sr ∪ (Ss ∩ St))

Therefore,

D′
s ∩ D

= (X/s− St)
∩
((X/s ∪ X/t) − (Bs ∪ Bt ∪ Sr ∪ (Ss ∩ St)))

= [proof of Theorem 6.2.2]
X/s− (Sr ∪ St)

Similarly,
D′

t ∩ D = X/t− (Sr ∪ Ss)

Therefore, letting Ds = D′
s ∩ D and Dt = D′

t ∩ D, (A) holds iff there exist
ur, vr, us, vs, ut, vt and there exist Lr, Ls, Lt such that w = urvr = usvs = utvt

and at least one of vr, vs, vt is empty and

ur, L0, Lr |≡ r, us, L0, Ls |≡ s, ut, L0, Lt |≡ t
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and
L1 = Lr|Dr

∪ Ls|Ds
∪ Lt|Dt

where

Dr = X/r − (Ss ∪ St)

Ds = X/s− (Sr ∪ St)

Dt = X/t− (Sr ∪ Ss)

The next corollary follows from the commutativity of “and” and the symmetry of
the semantic characterization in Theorem 6.2.12. It shows that “and” is associative
at the semantic level.

Corollary 6.2.13.

w, L0, L1 |≡ (r and (s and t)) iff w, L0, L1 |≡ ((r and s) and t)

Associativity of “##1”, “##0”

The following proposition shows that each of “##1” and “##0” is associative at the
level of flow .

Proposition 6.2.14.

1. X/(r ##1 (s ##1 t)) = X/((r ##1 s) ##1 t) = ((X/r)/s)/t.

2. X/(r ##0 (s ##0 t)) = X/((r ##0 s) ##0 t) = ((X/r)/s)/t.

Proof:

X/(r ##1 (s ##1 t))
= (X/r)/(s ##1 t)
= ((X/r)/s)/t
= (X/(r ##1 s))/t
= X/((r ##1 s) ##1 t)

The argument for ##0 runs similarly.

The following proposition shows that each of “##1” and “##0” is associative at
the semantic level.

Proposition 6.2.15.

1. w, L0, L1 |≡ (r ##1 (s ##1 t)) iff w, L0, L1 |≡ ((r ##1 s) ##1 t).

2. w, L0, L1 |≡ (r ##0 (s ##0 t)) iff w, L0, L1 |≡ ((r ##0 s) ##0 t).
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Proof:

w, L0, L1 |≡ (r ##1 (s ##1 t))
iff there exist x, u, Lr such that w = xu and x, L0, Lr |≡ r and

u, Lr, L1 |≡ (s ##1 t)
iff there exist x, u, Lr such that w = xu and x, L0, Lr |≡ r and there exist

y, z, Ls such that u = yz and y, Lr, Ls |≡ s and z, Ls, L1 |≡ t
iff [u is determined by u = yz]

there exist x, y, z, Lr, Ls such that w = xyz and x, L0, Lr |≡ r and
y, Lr, Ls |≡ s and z, Ls, L1 |≡ t

iff [let v = xy]
there exist v, z, Ls such that w = vz and v, L0, Ls |≡ (r ##1 s) and
z, Ls, L1 |≡ t

iff w, L0, L1 |≡ ((r ##1 s) ##1 t)

The argument for ##0 runs similarly.

Remark: In general, “##1” and “##0” do not associate with one another. For
example,

w |≡ ((1 ##1 1[*0]) ##0 1)

iff |w| = 1 and w0 6= ⊥. However, there does not exist w such that

w |≡ (1 ##1 (1[*0] ##0 1))

6.3 Idempotent elements

If “�” is a binary operator on a set A, then an element a ∈ A is said to be idempotent

with respect to “�” if a � a = a.
The following proposition shows that every sequence is idempotent with respect

to “or” at the level of flow and at the semantic level.

Proposition 6.3.1.

1. X/(r or r) = X/r.

2. w, L0, L1 |≡ (r or r) iff w, L0, L1 |≡ r.

Proof:

X/(r or r) = X/r ∩ X/r = X/r

This proves part 1. Let X = dom(L0).

w, L0, L1 |≡ (r or r)
iff there exists L such that L1 = L|D, where D = X/(r or r), and such that

w, L0, L |≡ r
iff [part 1]

there exists L such that L1 = L|X/r and such that w, L0, L |≡ r
iff [by Theorem 5.4, if w, L0, L |≡ r, then dom(L) = X/r]

w, L0, L1 |≡ r
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This proves part 2.

One should not expect a sequence with local variable assignments to be idempo-
tent with respect to “intersect” or “and” at the level of flow or at the semantic
level. Local variables that are assigned in both operands of “intersect” are not
allowed to flow out from the intersection. Indeed,

sample(r) ⊆ block ((r intersect r))

The definitions of block and flow for “intersect” are designed to eliminate incon-
sistently assigned values coming from the two operands in a way that is simple, that
suits generic operands, and that does not require detailed analysis of the operands.
From this point of view, placing the same sequence into each operand is not generic,
and accommodating the coincidence of the operands of “intersect” or “and” is
not something the definitions are designed to do.

The following proposition shows that if r has no local variable assignment, then
it is idempotent with respect to “intersect” and “and” at the level of flow and at
the semantic level.

Proposition 6.3.2. Let Sr = {}.

1. X/(r intersect r) = X/(r and r) = X/r.

2. w, L0, L1 |≡ (r intersect r) iff w, L0, L1 |≡ r.

3. w, L0, L1 |≡ (r and r) iff w, L0, L1 |≡ r.

Proof: By Lemma 6.2.9(4), X/(r and r) = X/(r intersect r).

X/(r intersect r)
= [Lemma 5.3]

(X/r − Sr) ∪ (X/r − Sr)
= X/r − Sr

= [Sr = {}]
X/r

This proves part 1. Let X = dom(L0).

w, L0, L1 |≡ (r intersect r)
iff [Lemma 5.3]

there exist L′, L′′ such that w, L0, L
′ |≡ r and w, L0, L

′′ |≡ r and
L1 = L′|D′ ∪ L′′|D′′ , where

D′ = X/r − Sr

D′′ = X/r − Sr

iff [Sr = {}]
there exist L′, L′′ such that w, L0, L

′ |≡ r and w, L0, L
′′ |≡ r and

L1 = L′|X/r ∪ L′′|X/r

iff [by Theorem 5.4, if w, L0, L
′ |≡ r, then dom(L′) = X/r; similarly with L′′]

w, L0, L1 |≡ r

This proves part 2.
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w, L0, L1 |≡ (r and r)
iff [Lemma 6.2.11(4)]

there exist u, v, u′, v′, L, L′ such that w = uv = u′v′ and at least one of v, v′

is empty and u, L0, L
′ |≡ r and u′, L0, L

′ |≡ r and L1 = L|D ∪ L′|D′ , where
D = X/r − Sr

D′ = X/r − Sr

iff [Sr = {}]
there exist u, v, u′, v′, L, L′ such that w = uv = u′v′ and at least one of v, v′

is empty and u, L0, L
′ |≡ r and u′, L0, L

′ |≡ r and L1 = L|X/r ∪ L′|X/r

iff [by Theorem 5.4, if w, L0, L |≡ r, then dom(L) = X/r; similarly with L′]
there exist u, v, u′, v′ such that w = uv = u′v′ and at least one of v, v′ is
empty and u, L0, L1 |≡ r and u′, L0, L1 |≡ r

iff [if v is empty, then w = u; similarly with v′]
w, L0, L1 |≡ r

This proves part 3.

6.4 Distributivity

If “�” and “⊕” are commutative binary operators on a set A, then “�” is said to
distribute over “⊕” if a � (b ⊕ c) = (a � b) ⊕ (a � c) for all a, b, c ∈ A.

The following proposition shows that “intersect” distributes over “or” at the
level of flow .

Proposition 6.4.1.

(X/r − (Ss ∪ St)) ∪ ((X/s ∩ X/t)− Sr)

= X/(r intersect (s or t))

= X/((r intersect s) or (r intersect t))

= ((X/r − Ss) ∪ (X/s − Sr)) ∩ ((X/r − St) ∪ (X/t − Sr))

Proof: The first and last equalities follow by using Lemma 5.3 and the definitions.

X/(r intersect (s or t))
= (X/r ∪ X/(s or t)) − (Br ∪ B(s or t) ∪ (Sr ∩ S(s or t)))

= (X/r ∪ (X/s ∩ X/t)) − (Br ∪ Bs ∪ Bt ∪ (Sr ∩ (Ss ∪ St)))
= ((X/r ∪ X/s) ∩ (X/r ∪ X/t))− (Br ∪ Bs ∪ Bt ∪ (Sr ∩ Ss) ∪ (Sr ∩ St))
= ((X/r ∪ X/s) − (Br ∪ Bs ∪ (Sr ∩ Ss))

∩ ((X/r ∪ X/t) − (Br ∪ Bt ∪ (Sr ∩ St))
= X/(r intersect s) ∩ X/(r intersect s)
= X/((r intersect s) or (r intersect t))

This proves the middle equality.

Using Lemma 6.2.9(4), Proposition 6.4.1 gives the following corollary, which
shows that “and” distributes over “or” at the level of flow .
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Corollary 6.4.2.

(X/r − (Ss ∪ St)) ∪ ((X/s ∩ X/t)− Sr)

= X/(r and (s or t))

= X/((r and s) or (r and t))

= ((X/r − Ss) ∪ (X/s − Sr)) ∩ ((X/r − St) ∪ (X/t − Sr))

Lemma 6.4.3. X/r − Sr = X − Sr.

Proof:

X/r − Sr

= [Theorem 4.1]
(X ∪ Fr) − (Br ∪ Sr)

= [by Theorem 4.5, Fr ∪ Br ⊆ Sr]
X − Sr

Lemma 6.4.4. Let f, g be functions, and let A, B, A′, B′ be sets such that A∪A′ ⊆
dom(f), B ∪B′ ⊆ dom(g), and A∪B = A′ ∪B′. Then the following conditions are

equivalent:

1. f |A ∪ g|B and f |A′ ∪ g|B′ are both functions and are equal to one another.

2. For all x ∈ (A ∪ A′) ∩ (B ∪ B′), f(x) = g(x).

Proof: Note that since A ⊆ dom(f), dom(f |A) = A. Similarly, dom(f |A′) = A′,
dom(g|B) = B, and dom(g|B′) = B′. Note also that

(A ∪ A′) ∩ (B ∪ B′) = (A ∩ B) ∪ (A′ ∩ B′) ∪ (A ∩ B′) ∪ (A′ ∩ B)

Assume 1. Since f |A ∪ g|B is a function, f(x) = g(x) for all x ∈ A ∩ B. Since
f |A′ ∪ g|B′ is a function, f(x) = g(x) for all x ∈ A′ ∩ B′. If x ∈ A ∩ B′, then

f(x) = (f |A ∪ g|B)(x) = (f |A′ ∪ g|B′)(x) = g(x)

Similarly, if x ∈ B ∩ A′, then

g(x) = (f |A ∪ g|B)(x) = (f |A′ ∪ g|B′)(x) = f(x)

Assume 2. Since f(x) = g(x) for all x ∈ A ∩ B, f |A ∪ g|B is a function. Since
f(x) = g(x) for all x ∈ A′ ∩ B′, f |A′ ∪ g|B′ is a function. If x ∈ A ∩ A′, then

(f |A ∪ g|B)(x) = f(x) = (f |A′ ∪ g|B′)(x)

If x ∈ B ∩ B′, then

(f |A ∪ g|B)(x) = g(x) = (f |A′ ∪ g|B′)(x)
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If x ∈ A ∩ B′, then

(f |A ∪ g|B)(x) = f(x) = g(x) = (f |A′ ∪ g|B′)(x)

If x ∈ B ∩ A′, then

(f |A ∪ g|B)(x) = g(x) = f(x) = (f |A′ ∪ g|B′)(x)

The following theorem shows that “intersect” distributes over “or” at the se-
mantic level.

Theorem 6.4.5.
w, L0, L1 |≡ (r intersect (s or t))

iff

w, L0, L1 |≡ ((r intersect s) or (r intersect t))

Proof: Note that

w, L0, L1 |≡ (r intersect (s or t))
iff [Lemma 5.3]

there exist Lr, L such that w, L0, Lr |≡ r and w, L0, L |≡ (s or t) and
L1 = Lr|Dr,st

∪ L|Dst,r
, where

Dr,st = X/r − S(s or t) = X/r − (Ss ∪ Sr)

Dst,r = X/(s or t)− Sr = (X/s ∩ X/t) − Sr

iff there exist Lr, L, L′ such that w, L0, Lr |≡ r and such that either w, L0, L
′ |≡ s

or w, L0, L
′ |≡ t and such that L1 = Lr|Dr,st

∪ L|Dst,r
and L = L′|D′ , where

Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

D′ = X/(s or t) = X/s ∩ X/t
iff [L is determined by L = L′|D′ ]

there exist Lr, L
′ such that w, L0, Lr |≡ r and such that either w, L0, L

′ |≡ s or
w, L0, L

′ |≡ t and such that L1 = Lr|Dr,st
∪ L′|Dst,r∩D′ , where

Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

D′ = X/s ∩ X/t
iff [Dst,r ⊆ D′]

(A):
there exist Lr, L

′ such that w, L0, Lr |≡ r and such that either w, L0, L
′ |≡ s or

w, L0, L
′ |≡ t and such that L1 = Lr|Dr,st

∪ L′|Dst,r
, where

Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

Note also that

w, L0, L1 |≡ ((r intersect s) or (r intersect t))
iff there exists L′′ such that L1 = L′′|D′′ , where

D′′ = X/((r intersect s) or (r intersect t))
and such that either
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w, L0, L
′′ |≡ (r intersect s)

or
w, L0, L

′′ |≡ (r intersect t)
iff [Lemma 5.3]

there exists L′′ such that L1 = L′′|D′′ , where
D′′ = X/((r intersect s) or (r intersect t))

and such that either
there exist Lr, Ls such that w, L0, Lr |≡ r and w, L0, Ls |≡ s and
L′′ = Lr|Dr,s

∪ Ls|Ds,r
, where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

or
there exist Lr, Lt such that w, L0, Lr |≡ r and w, L0, Lt |≡ t and
L′′ = Lr|Dr,t

∪ Lt|Dt,r
, where

Dr,t = X/r − St

Dt,r = X/t − Sr

iff [L′′ is determined by L′′ = Lr|Dr,s
∪ Ls|Ds,r

or by L′′ = Lr|Dr,t
∪ Lt|Dt,r

]
(B):
letting

D′′ = X/((r intersect s) or (r intersect t)),
there exists Lr such that w, L0, Lr |≡ r and such that either

there exists Ls such that w, L0, Ls |≡ s and L1 = Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′ ,
where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

or
there exists Lt such that w, L0, Lt |≡ t and L1 = Lr|Dr,t∩D′′ ∪ Lt|Dt,r∩D′′ ,
where

Dr,t = X/r − St

Dt,r = X/t − Sr

Note that by Proposition 6.4.1,

Dr,st ∪ Dst,r = D′′ = (Dr,s ∪ Ds,r) ∩ (Dr,t ∪ Dt,r) (†)

Note also that
Dr,st = Dr,s ∩ Dr,t and Dst,r = Ds,r ∩ Dt,r (∗)

Assume (A). Assume that w, L0, L
′ |≡ s. This assumption is without loss of

generality since a symmetric argument can be given with t replacing s. Let Ls = L′.
To show (B), it suffices to show that

Lr|Dr,st
∪ L′|Dst,r

= Lr|Dr,s∩D′′ ∪ L′|Ds,r∩D′′

Theorem 5.4 implies that Dr,st ⊆ dom(Lr), Dr,s ⊆ dom(Lr), Dst,r ⊆ dom(L′), and
Ds,r ⊆ dom(L′). Also

(Dr,s ∩ D′′) ∪ (Ds,r ∩ D′′)
= (Dr,s ∪ Ds,r) ∩ D′′

= [by (†)]
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D′′

= [by (†)]
Dr,st ∪ Dst,r

Following the notation of Lemma 6.4.4, let A = Dr,st, B = Dst,r, A′ = Dr,s ∩ D′′,
and B′ = Ds,r ∩ D′′. Notice that

A ∪ A′

= Dr,st ∪ (Dr,s ∩ D′′)
= (Dr,st ∪ Dr,s) ∩ (Dr,st ∪ D′′)
= [by (∗), (†)]

Dr,s ∩ D′′

= A′

Similarly,
B ∪ B′ = Ds,r ∩ D′′ = B′

Therefore, by Lemma 6.4.4 it suffices to prove that Lr and L′ agree on the set

A′ ∩ B′

= (Dr,s ∩ D′′) ∩ (Ds,r ∩ D′′)
= [by (†)]

Dr,s ∩ Ds,r ∩ (Dr,st ∪ Dst,r)
= (Dr,s ∩ Ds,r ∩ Dr,st) ∪ (Dr,s ∩ Ds,r ∩ Dst,r)
= [by (∗)]

(Ds,r ∩ Dr,st) ∪ (Dr,s ∩ Dst,r)
= ((X/s− Sr) ∩ (X/r − (Ss ∪ St))) ∪ ((X/r − Ss) ∩ ((X/s ∩ X/t) − Sr))
= ((X/r ∩ X/s) − (Sr ∪ Ss ∪ St)) ∪ ((X/r ∩ X/s ∩ X/t)− (Sr ∪ Ss))
⊆ (X/r ∩ X/s)− (Sr ∪ Ss)
= (X/r − Sr) ∩ (X/s − Ss)
= [Lemma 6.4.3]

(X − Sr) ∩ (X − Ss)
= X − (Sr ∪ Ss)

By Theorem 5.5, if v ∈ X − (Sr ∪ Ss), then Lr(v) = L0(v) = L′(v), as desired.

Now assume (B). Assume that there exists Ls such that w, L0, Ls |≡ s and L1 =
Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′ , where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

This assumption is without loss of generality since a symmetric argument can be
given with t replacing s. Let L′ = Ls. To show (A), it suffices to show that

Lr|Dr,st
∪ Ls|Dst,r

= Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′

Theorem 5.4 implies that Dr,st ⊆ dom(Lr), Dr,s ⊆ dom(Lr), Dst,r ⊆ dom(Ls), and
Ds,r ⊆ dom(Ls). As above,

(Dr,s ∩ D′′) ∪ (Ds,r ∩ D′′) = Dr,st ∪ Dst,r

Defining A, B, A′, B′ as above, it follows from Lemma 6.4.4 that it is enough to
show that Lr and Ls agree on the set (A∪A′)∩ (B ∪B′). From above, A∪A′ = A′,
B ∪ B′ = B′, and

A′ ∩ B′ ⊆ X − (Sr ∪ Ss)
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By Theorem 5.5, if v ∈ X − (Sr ∪Ss), then Lr(v) = L0(v) = Ls(v), as desired.

The following theorem shows that “and” distributes over “or” at the semantic
level. The proof is very similar to that of Theorem 6.4.5. There is a bit more
bookkeeping due to the use of Lemma 6.2.11(4) instead of Lemma 5.3.

Theorem 6.4.6.
w, L0, L1 |≡ (r and (s or t))

iff

w, L0, L1 |≡ ((r and s) or (r and t))

Proof: Note that

w, L0, L1 |≡ (r and (s or t))
iff [Lemma 6.2.11(4)]

there exist ur, vr, u, v, Lr, L such that w = urvr = uv, where at least one of
vr, v is empty, and such that ur, L0, Lr |≡ r and u, L0, L |≡ (s or t) and
L1 = Lr|Dr,st

∪ L|Dst,r
, where

Dr,st = X/r − S(s or t) = X/r − (Ss ∪ Sr)

Dst,r = X/(s or t)− Sr = (X/s ∩ X/t) − Sr

iff there exist ur, vr, u, v, Lr, L, L′ such that w = urvr = uv, where at least one of
vr, v is empty, and such that ur, L0, Lr |≡ r and such that either u, L0, L

′ |≡ s
or u, L0, L

′ |≡ t and such that L1 = Lr|Dr,st
∪ L|Dst,r

and L = L′|D′ , where
Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

D′ = X/(s or t) = X/s ∩ X/t
iff [L is determined by L = L′|D′ ]

there exist ur, vr, u, v, Lr, L
′ such that w = urvr = uv, where at least one of

vr, v is empty, and such that ur, L0, Lr |≡ r and such that either u, L0, L
′ |≡ s

or u, L0, L
′ |≡ t and such that L1 = Lr|Dr,st

∪ L′|Dst,r∩D′ , where
Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

D′ = X/s ∩ X/t
iff [Dst,r ⊆ D′]

(A):
there exist ur, vr, u, v, Lr, L

′ such that w = urvr = uv, where at least one of
vr, v is empty, and such that ur, L0, Lr |≡ r and such that either u, L0, L

′ |≡ s
or u, L0, L

′ |≡ t and such that L1 = Lr|Dr,st
∪ L′|Dst,r

, where
Dr,st = X/r − (Ss ∪ St)
Dst,r = (X/s ∩ X/t) − Sr

Note also that

w, L0, L1 |≡ ((r and s) or (r and t))
iff there exists L′′ such that L1 = L′′|D′′ , where

D′′ = X/((r and s) or (r and t))
and such that either

w, L0, L
′′ |≡ (r and s)

or

47



w, L0, L
′′ |≡ (r and t)

iff [Lemma 6.2.11(4)]
there exists L′′ such that L1 = L′′|D′′ , where

D′′ = X/((r and s) or (r and t))
and such that either

there exist ur, vr, us, vs, Lr, Ls such that w = urvr = usvs, where at least
one of vr, vs is empty, and such that ur, L0, Lr |≡ r and us, L0, Ls |≡ s and
L′′ = Lr|Dr,s

∪ Ls|Ds,r
, where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

or
there exist ur, vr, ut, vt, Lr, Lt such that w = urvr = utvt, where at least
one of vr, vt is empty, and such that ur, L0, Lr |≡ r and ut, L0, Lt |≡ t and
L′′ = Lr|Dr,t

∪ Lt|Dt,r
, where

Dr,t = X/r − St

Dt,r = X/t − Sr

iff [L′′ is determined by L′′ = Lr|Dr,s
∪ Ls|Ds,r

or by L′′ = Lr|Dr,t
∪ Lt|Dt,r

]
(B):
letting

D′′ = X/((r and s) or (r and t)),
there exist ur, vr, u, v, Lr such that w = urvr = uv, where at least one of vr, v
is empty, and such that u, L0, Lr |≡ r and such that either

there exists Ls such that u, L0, Ls |≡ s and L1 = Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′ ,
where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

or
there exists Lt such that u, L0, Lt |≡ t and L1 = Lr|Dr,t∩D′′ ∪ Lt|Dt,r∩D′′ ,
where

Dr,t = X/r − St

Dt,r = X/t − Sr

Note that by Corollary 6.4.2, (†) and (∗) from the proof of Theorem 6.4.5 hold.

Assume (A). Assume that u, L0, L
′ |≡ s. This assumption is without loss of

generality since a symmetric argument can be given with t replacing s. Let Ls = L′.
To show (B), it suffices to show that

Lr|Dr,st
∪ L′|Dst,r

= Lr|Dr,s∩D′′ ∪ L′|Ds,r∩D′′

This equality is established by the same argument as in the proof of Theorem 6.4.5.

Now assume (B). Assume that there exists Ls such that u, L0, Ls |≡ s and L1 =
Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′ , where

Dr,s = X/r − Ss

Ds,r = X/s− Sr

This assumption is without loss of generality since a symmetric argument can be
given with t replacing s. Let L′ = Ls. To show (A), it suffices to show that

Lr|Dr,st
∪ Ls|Dst,r

= Lr|Dr,s∩D′′ ∪ Ls|Ds,r∩D′′
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This equality is established by the same argument as in the proof of Theorem 6.4.5.

One should not expect “or” to distribute over “intersect” (respectively, “and”)
at the level of flow or at the semantic level. This is because such distribution
produces non-generic operands of the “intersect” (respectively, “and”), and local
variables assigned in both operands will not flow out. At the level of flow ,

X/(r or (s intersect t)) = X/r ∩ X/(s intersect t)

while

X/((r or s) intersect (r or t))
= (X/(r or s) ∪ X/(r or t)) − (B(r or s) ∪ B(r or t) ∪ (S(r or s) ∩ S(r or t)))

= ((X/r ∩ X/s) ∪ (X/r ∩ X/t)) − (Br ∪ Bs ∪ Bt ∪ ((Sr ∪ Ss) ∩ (Sr ∪ St)))
= (X/r ∩ (X/s ∪ X/t)) − (Br ∪ Bs ∪ Bt ∪ (Sr ∪ (Ss ∩ St)))
= [Theorem 4.5]

(X/r ∩ (X/s ∪ X/t)) − (Sr ∪ Bs ∪ Bt ∪ (Ss ∩ St))
= (X/r − Sr) ∩ ((X/s ∪ X/t)− (Bs ∪ Bt ∪ (Ss ∩ St)))
= (X/r − Sr) ∩ X/(s intersect t)

If the sequence r has no local variable assignment (i.e., Sr = {}), then

X/(r or (s intersect t)) = X/((r or s) intersect (r or t))

Thus, a restricted form of distributivity of “or” over “intersect” holds at the level
of flow . At the semantic level, there are issues of consistency of the values of local
variables that prevent distributivity, even if the sequence r has no local variable
assignment. For example, for ` ∈ 2P,

`, {(v, 0)}, {(v, 1)} |≡ ((1 or 0) intersect (1 or (1, v = 1)))

but

`, {(v, 0)}, {(v, 1)} |6≡ (1 or (0 intersect (1, v = 1)))

The following implication does hold.

Theorem 6.4.7. Let Sr = {}. Then

w, L0, L1 |≡ (r or (s intersect t))

implies

w, L0, L1 |≡ ((r or s) intersect (r or t))

Proof: Let X = dom(L0). Note that since Sr = {}, Theorem 4.5 implies that
Fr = Br = {}, and so by Theorem 4.1,

X/r = (X ∪ Fr) − Br = X
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w, L0, L1 |≡ (r or (s intersect t))
iff there exists L such that L1 = L|D, where

D = X/(r or (s intersect t))
= X/r ∩ X/(s intersect t)
= X ∩ ((X/s ∪ X/t) − B(s intersect t))

= ((X ∩ X/s) ∪ (X ∩ X/t)) − B(s intersect t)
= ((X − Bs) ∪ (X − Bt)) − B(s intersect t)
= X − B(s intersect t)

and such that either w, L0, L |≡ r or w, L0, L |≡ (s intersect t)
iff [Lemma 5.3]

there exists L such that L1 = L|D, where D = X − B(s intersect t), and

such that either
w, L0, L |≡ r

or
there exist Ls, Lt such that w, L0, Ls |≡ s and w, L0, Lt |≡ t and
L = Ls|Ds

∪ Lt|Dt
, where

Ds = X/s− St

Dt = X/t− Ss

iff [if w, L0, L |≡ r, then L = L0]
letting D = X − B(s intersect t), either

w, L0, L0 |≡ r and L1 = L0|D
or

there exist L, Ls, Lt such that w, L0, Ls |≡ s and w, L0, Lt |≡ t and
L = Ls|Ds

∪ Lt|Dt
and L1 = L|D, where

Ds = X/s− St

Dt = X/t− Ss

iff [L is determined in the second disjunct]
letting D = X − B(s intersect t), either

w, L0, L0 |≡ r and L1 = L0|D
or

there exist Ls, Lt such that w, L0, Ls |≡ s and w, L0, Lt |≡ t and
L1 = Ls|Ds∩D ∪ Lt|Dt∩D, where

Ds = X/s− St

Dt = X/t− Ss

Note that

Ds ∩ D = (X ∩ X/s) − (B(s intersect t) ∪ St)

= (X − Bs) − (Bs ∪ Bt ∪ (Ss ∩ St) ∪ St)

= X − (Bs ∪ St)

and similarly

Dt ∩ D = X − (Bt ∪ Ss)

It follows that

w, L0, L1 |≡ (r or (s intersect t))
iff
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(A):
either

w, L0, L0 |≡ r and L1 = L0|D , where D = X − B(s intersect t),

or
there exist Ls, Lt such that w, L0, Ls |≡ s and w, L0, Lt |≡ t and
L1 = Ls|X−(Bs∪St) ∪ Lt|X−(Bt∪Ss)

Since Sr = {} and X/r = X , it follows that

S(r or s) = Ss

S(r or t) = St

X/(r or s) = X − Bs

X/(r or t) = X − Bt

Then

w, L0, L1 |≡ ((r or s) intersect (r or t))
iff [Lemma 5.3]

there exist L′
∗, L

′′
∗ such that w, L0, L

′
∗ |≡ (r or s) and w, L0, L

′′
∗ |≡ (r or t)

and L1 = L′
∗|D′ ∪ L′′

∗ |D′′ , where
D′ = X/(r or s)− S(r or t) = (X − Bs) − St = X − (Bs ∪ St)

and
D′′ = X/(r or t)− S(r or s) = (X − Bt) − Ss = X − (Bt ∪ Ss)

iff there exist L′
∗, L

′′
∗ such that

there exists L′ such that L′
∗ = L′|X−Bs

and either
w, L0, L

′ |≡ r or w, L0, L
′ |≡ s

and
there exists L′′ such that L′′

∗ = L′′|X−Bt
and either

w, L0, L
′′ |≡ r or w, L0, L

′′ |≡ t
and L1 = L′

∗|D′ ∪ L′′
∗ |D′′ , where

D′ = X − (Bs ∪ St)
D′′ = X − (Bt ∪ Ss)

iff [L′
∗, L

′′
∗ are determined]

there exist L′, L′′ such that
either w, L0, L

′ |≡ r or w, L0, L
′ |≡ s

and
either w, L0, L

′′ |≡ r or w, L0, L
′′ |≡ t

and L1 = L′|(X−Bs)∩D′ ∪ L′′|(X−Bt)∩D′′ , where
D′ = X − (Bs ∪ St)
D′′ = X − (Bt ∪ Ss)

iff [(X − Bs) ∩ D′ = D′, (X − Bt) ∩ D′′ = D′′]

(B):
there exist L′, L′′ such that

either w, L0, L
′ |≡ r or w, L0, L

′ |≡ s
and

either w, L0, L
′′ |≡ r or w, L0, L

′′ |≡ t
and L1 = L′|X−(Bs∪St) ∪ L′′|X−(Bt∪Ss)
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Assume (A). Suppose w, L0, L0 |≡ r and L1 = L0|D. Let L′ = L′′ = L0. Then

L′|X−(Bs∪St) ∪ L′′|X−(Bt∪Ss)

= L0|X−(Bs∪St) ∪ L0|X−(Bt∪Ss)

= L0|X−((Bs∪St)∩(Bt∪Ss))

= [Lemma 5.2]
L0|X−B(s intersect t)

= L0|D
= L1

This proves (B) in this case. Suppose now that there exist Ls, Lt such that
w, L0, Ls |≡ s and w, L0, Lt |≡ t and

L1 = Ls|X−(Bs∪St) ∪ Lt|X−(Bt∪Ss)

Let L′ = Ls, and let L′′ = Lt. Then

L′|X−(Bs∪St) ∪ L′′|X−(Bt∪Ss) = Ls|X−(Bs∪St) ∪ Lt|X−(Bt∪Ss) = L1

This proves (B) in this case.

6.5 Identity elements

An identity element for a binary operator “�” on a set A is an element i ∈ A such
that i� a = a� i = a for all a ∈ A. If “�” is a commutative operator, then i is an
identity element iff i � a = a for all a ∈ A.

The following proposition shows that “1[*0:$]” is an identity element for
“intersect” at the level of flow and at the semantic level.

Proposition 6.5.1.

1. X/(1[*0:$] intersect r) = X/r.

2. w, L0, L1 |≡ (1[*0:$] intersect r) iff w, L0, L1 |≡ r.

Proof:

X/(1[*0:$] intersect r)
= [Lemma 5.3]

(X/1[*0:$]− Sr) ∪ (X/r − S1[*0:$])

= [Lemma 6.2.7(1), Lemma 6.2.9(1)]
(X − Sr) ∪ (X/r − {})

= [Lemma 6.4.3]
(X/r − Sr) ∪ X/r

= X/r

This proves part 1. Let X = dom(L0).

w, L0, L1 |≡ (1[*0:$] intersect r)
iff [Lemma 5.3]

there exist L, Lr such that w, L0, L |≡ 1[*0:$] and w, L0, Lr |≡ r and
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L1 = L|D ∪ Lr|Dr
,

where
D = X/1[*0:$]− Sr = X − Sr

Dr = X/r − S1[*0:$] = X/r

iff [by Theorem 5.4, if w, L0, Lr |≡ r, then dom(Lr) = X/r]
there exist L, Lr such that w, L0, L |≡ 1[*0:$] and w, L0, Lr |≡ r and
L1 = L|X−Sr

∪ Lr

iff [Lemma 6.2.11(1)]
there exist L, Lr such that L = L0 and no letter of w is ⊥ and
w, L0, Lr |≡ r and L1 = L|X−Sr

∪ Lr

iff [by Lemma 5.1, if w, L0, Lr |≡ r, then no letter of w is ⊥]
there exist L, Lr such that L = L0 and w, L0, Lr |≡ r and
L1 = L|X−Sr

∪ Lr

iff [L = L0 determines L]
there exists Lr such that w, L0, Lr |≡ r and L1 = L0|X−Sr

∪ Lr

iff [by Theorem 5.5, if w, L0, Lr |≡ r, then L0|X−Sr
⊆ Lr]

there exists Lr such that w, L0, Lr |≡ r and L1 = Lr

iff [Lr is determined by L1 = Lr]
w, L0, L1 |≡ r

This proves part 2.

The following proposition shows that “1[*0]” is an identity element for “and” at
the level of flow and at the semantic level.

Proposition 6.5.2.

1. X/(1[*0] and r) = X/r.

2. w, L0, L1 |≡ (1[*0] and r) iff w, L0, L1 |≡ r.

Proof:

X/(1[*0] and r)
= [Lemma 6.2.9(4), Lemma 5.3]

(X/1[*0]− Sr) ∪ (X/r − S1[*0])

= (X − Sr) ∪ (X/r − {})
= [Lemma 6.4.3]

(X/r − Sr) ∪ X/r
= X/r

This proves part 1. Let X = dom(L0).

w, L0, L1 |≡ (1[*0] and r)
iff [Lemma 6.2.11(4)]

there exist u, v, ur, vr, L, Lr such that w = uv = urvr and at least one of
v, vr is empty and u, L0, L |≡ 1[*0] and ur, L0, Lr |≡ r and
L1 = L|D ∪ Lr|Dr

,
where

D = X/1[*0]− Sr = X − Sr

Dr = X/r − S1[*0] = X/r
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iff [by Theorem 5.4, if ur, L0, Lr |≡ r, then dom(Lr) = X/r]
there exist u, v, ur, vr, L, Lr such that w = uv = urvr and at least one of
v, vr is empty and u, L0, L |≡ 1[*0] and ur, L0, Lr |≡ r and
L1 = L|X−Sr

∪ Lr

iff there exist u, v, ur, vr, L, Lr such that w = uv = urvr and at least one of
v, vr is empty and |u| = 0 and L = L0 and ur, L0, Lr |≡ r and
L1 = L|X−Sr

∪ Lr

iff [L = L0 determines L; |u| = 0 determines u, hence w = v determines v]
there exist ur, vr, Lr such that w = urvr and at least one of w, vr is empty
and ur, L0, Lr |≡ r and L1 = L0|X−Sr

∪ Lr

iff [if w = urvr and at least one of w, vr is empty, then w = ur]
there exists Lr such that w, L0, Lr |≡ r and L1 = L0|X−Sr

∪ Lr

iff [by Theorem 5.5, if w, L0, Lr |≡ r, then L0|X−Sr
⊆ Lr]

there exists Lr such that w, L0, Lr |≡ r and L1 = Lr

iff [Lr is determined by L1 = Lr]
w, L0, L1 |≡ r

This proves part 2.

Remark: Note that “1” is not an identity element for “and” at the semantic level.
This is because a word that tightly satisfies “(1 and r)” must be non-empty.

Since X/(s or t) = X/s∩X/t, “or” cannot have an identity element at the level
of flow or at the semantic level. If the sequences are restricted to those without
local variable assignments and the words are restricted to the alphabet 2P, then
“0” is an identity element for “or” at the level of flow and at the semantic level, as
shown in the following proposition.

Proposition 6.5.3. Let Sr = {}.

1. X/(0 or r) = X = X/r.

2. If w is a word over 2P, then w, L0, L1 |≡ (0 or r) iff w, L0, L1 |≡ r.

Proof: Since Sr = {}, Theorem 4.5 gives Fr = Br = {}, and X = X/r follows from
Theorem 4.1. Then

X/(0 or r)
= X/0∩ X/r
= X ∩ X
= X

This proves part 1. Let X = dom(L0).

w, L0, L1 |≡ (0 or r)
iff there exists L such that L1 = L|D, where D = X/(0 or r), and such that

either w, L0, L |≡ 0 or w, L0, L |≡ r
iff [part 1]

there exists L such that L1 = L|X and such that either w, L0, L |≡ r or
w, L0, L |≡ 0

iff there exists L such that L1 = L|X and such that either w, L0, L |≡ r or
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|w| = 1 and w0 0 and L = L0

iff [w0 ∈ 2P implies w0 / 0]
there exists L such that L1 = L|X and w, L0, L |≡ r

iff [by Theorem 5.4, if w, L0, L |≡ r, then dom(L) = X/r = X ]
there exists L such that L1 = L and w, L0, L |≡ r

iff [L is determined by L1 = L]
w, L0, L1 |≡ r

The following proposition shows that “1[*0]” is an identity element for “##1” at
the level of flow and at the semantic level.

Proposition 6.5.4.

1. X/(1[*0] ##1 r) = X/(r ##1 1[*0]) = X/r.

2. w, L0, L1 |≡ (1[*0] ##1 r) iff w, L0, L1 |≡ (r ##1 1[*0]) iff w, L0, L1 |≡ r.

Proof:

X/(1[*0] ##1 r)
= (X/1[*0])/r
= X/r
= (X/r)/1[*0]
= X/(r ##1 1[*0])

This proves part 1.

w, L0, L1 |≡ (1[*0] ##1 r)
iff there exist x, y, L such that w = xy and x, L0, L |≡ 1[*0] and y, L, L1 |≡ r
iff there exist x, y, L such that w = xy and |x| = 0 and L = L0 and

y, L, L1 |≡ r
iff [L = L0 determines L; w = xy and |x| = 0 determine x and y]

w, L0, L1 |≡ r

The argument that w, L0, L1 |≡ (r ##1 1[*0]) iff w, L0, L1 |≡ r is similar. This
proves part 2.

Remark: There is no identity element for “##0” at the semantic level because, for
example, “1[*0]” cannot be semantically equivalent to “(s ##0 1[*0])” for any s.
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7 An Alternative Approach to block and flow

The definitions of block and flow are unsatisfying for two reasons. The first is simply
that the definitions are unnecessarily interdependent. Independent definitions allow
for selective implementation of the functions, possibly for performance gains. The
second reason is the fact that the intuitive notion, “that which is sampled and does
not flow is blocked”, does not hold. That is, sample(s) − flow(X, s) does not, in
general, equal block (s). Consider the case X = {}, s = ((1, v = e) or b). Then
sample(s) = {v} and flow(X, s) = {}, but block (s) = {} 6= {v} − {}.

This section introduces new functions block ′ and flow ′ that are independent and
for which the intuitive notion, “that which is sampled and does not flow is blocked”,
does hold. It then shows that the definition of flow ′ is equivalent to that of flow

and that block ′ behaves as expected.

7.1 Additional facts and notation used within this section

The following notation and shorthand is used freely within this section:

• “	” denotes set symmetric difference.

• F ′
r is shorthand for flow ′({}, r).

• F ′(X, r) is shorthand for flow ′(X, r).

• B′
r is shorthand for block ′({}, r).

• B′(X, r) is shorthand for block ′(X, r).

The following facts for arbitrary sets A, B, M , and N are assumed to be well-
known:

• (A − M) ∪ B = (A ∪ B) − (M − B).

• A ∩ B = (A ∪ B) − (A 	 B).

• (A ∪ M) 	 (A ∪ N) = (M 	 N) − A.

7.2 Definition of block ′ and flow ′

The function block ′ takes a set of local variable names and a sequence as input and
returns a set of local variable names as output. This function defines the set of
local variable names that are blocked by the sequence given the set of local variable
names that flow into the sequence.

Definition 7.2.1 (block ′).

• block ′(X, (t v; s)) = block ′(X − {v}, s)− {v}

• block ′(X, (1, v = e)) = {}

• block ′(X, b) = {}
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• block ′(X, (s)) = block ′(X, s)

• block ′(X, (s ##1 t)) = (block ′(X, s) − sample(t))
∪ block ′((X ∪ sample(s)) − block ′(X, s), t)

• block ′(X, (s ##0 t)) = (block ′(X, s) − sample(t))
∪ block ′((X ∪ sample(s)) − block ′(X, s), t)

• block ′(X, (s or t)) = block ′(X, s) ∪ block ′(X, t) ∪ ((sample(s) 	 sample(t)) − X)

• block ′(X, (s intersect t)) = block ′(X, s)∪block ′(X, t)∪ (sample(s)∩ sample(t))

• block ′(X, first match(s)) = block ′(X, s)

• block ′(X, s[*0]) = {}

• block ′(X, s[*1:$]) = block ′(X, s)

The function flow ′ takes a set of local variable names and a sequence as input
and returns a set of local variable names as output. This function defines the set
of local variable names that flow out of the sequence given the set of local variable
names that flow into the sequence.

Definition 7.2.2 (flow ′).

• flow ′(X, (t v; s)) = (X ∩ {v}) ∪ (flow ′(X − {v}, s) − {v})

• flow ′(X, (1, v = e)) = X ∪ {v}

• flow ′(X, b) = X

• flow ′(X, (s)) = flow ′(X, s)

• flow ′(X, (s ##1 t)) = flow ′(flow ′(X, s), t)

• flow ′(X, (s ##0 t)) = flow ′(flow ′(X, s), t)

• flow ′(X, (s or t)) = flow ′(X, s) ∩ flow ′(X, t)

• flow ′(X, (s intersect t)) = (flow ′(X, s)− sample(t))∪ (flow ′(X, t)− sample(s))

• flow ′(X, first match(s)) = flow ′(X, s)

• flow ′(X, s[*0]) = X

• flow ′(X, s[*1:$]) = flow ′(X, s)
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7.3 Equivalence of flow and flow ′

Proposition 7.3.1. flow ′(X, r) = flow(X, r).

Proof: Equivalence is established by induction over the structure of r. For all cases
but r = (s intersect t), the proof follows directly from the definitions. For the
remaining case, the proof follows easily from Lemma 5.3.

7.4 Containment of block ′ in sample

Proposition 7.4.1. block ′(X, r) ⊆ sample(r).

Proof: By induction over the structure of r.

• r = (t v; s).

block ′(X, (t v; s))
= block ′(X − {v}, s) − {v}
⊆ [induction]

sample(s) − {v}
= sample((t v; s))

• r = (1, v = e).

block ′(X, (1, v = e))
= {}
⊆ {v}
= sample((1, v = e))

• r = b.

block ′(X, b)
= {}
= sample(b)

• r = (s).

block ′(X, (s))
= B′(X, s)
⊆ [induction]

Ss

= sample((s))

• r = (s ##1 t).

block ′(X, (s ##1 t))
= (B′(X, s) − St) ∪ B′((X ∪ Ss) − B′(X, s), t)
⊆ [induction]

(Ss − St) ∪ St

= Ss ∪ St

= sample(s ##1 t)
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• r = (s ##0 t). Analogous to the argument for r = (s ##1 t).

• r = (s or t).

block ′(X, (s or t))
= B′(X, s) ∪ B′(X, t) ∪ ((Ss 	 St) − X)
⊆ [induction]

Ss ∪ St

= sample((s or t))

• r = (s intersect t).

block ′(X, (s intersect t))
= B′(X, s) ∪ B′(X, t) ∪ (Ss ∩ St)
⊆ [induction]

Ss ∪ St

= sample((s intersect t))

• r = first match(s). Analogous to the argument for r = (s).

• r = s[*0]. Analogous to the argument for r = b.

• r = s[*1:$]. Analogous to the argument for r = (s).

7.5 Relationship of flow ′ and block ′

Lemma 7.5.1. B ∪ D ∪ ((A − B) 	 (C − D)) = B ∪ D ∪ (A 	 C).

Proof:

B ∪ D ∪ ((A − B) 	 (C − D))
= B ∪ D ∪ ((A − B) − (C − D)) ∪ ((C − D) − (A − B))
= B ∪ D ∪ ((A ∩ D) − B) ∪ (A − (B ∪ C)) ∪ ((C ∩ B) − D) ∪ (C − (D ∪ A))
= B ∪ D ∪ (A ∩ D) ∪ (A − (B ∪ C)) ∪ (C ∩ B) ∪ (C − (D ∪ A))
= B ∪ D ∪ (A − (B ∪ C)) ∪ (C − (D ∪ A))
= B ∪ D ∪ (A − C) ∪ (C − A)
= B ∪ D ∪ (A 	 C)

Proposition 7.5.2. flow ′(X, r) = (X ∪ sample(r)) − block ′(X, r).

Proof: By induction over the structure of r.

• r = (t v; s).
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flow ′(X, (t v; s))
= (X ∩ {v}) ∪ (flow ′(X − {v}, s) − {v})
= [induction]

(X ∩ {v}) ∪ ( ( ((X − {v}) ∪ sample(s)) − block ′(X − {v}, s) ) − {v} )
= (X ∩ {v}) ∪ ( ((X − {v}) ∪ sample(s)) − (block ′(X − {v}, s) ∪ {v}) )
= (X ∩ {v}) ∪ ( ( ((X − {v}) ∪ sample(s)) − {v} ) − (block ′(X − {v}, s) − {v}) )
= (X ∩ {v}) ∪ ( ( (X − {v}) ∪ (sample(s) − {v}) ) − (block ′(X − {v}, s) − {v}) )
= [X ∩ {v} = (X ∩ {v}) − (block ′(X − {v}, s) − {v})]

( (X ∩ {v}) ∪ (X − {v}) ∪ (sample(s) − {v}) ) − (block ′(X − {v}, s) − {v})
= (X ∪ (sample(s) − {v})) − (block ′(X − {v}, s) − {v})
= (X ∪ sample((t v; s))) − block ′(X, (t v; s))

• r = (1, v = e).

flow ′(X, (1, v = e))
= X ∪ {v}
= (X ∪ {v}) − {}
= (X ∪ sample((1, v = e))) − block ′(X, (1, v = e))

• r = b.

flow ′(X, b)
= X
= (X ∪ {}) − {}
= (X ∪ sample(b)) − block ′(X, b)

• r = (s).

flow ′(X, (s))
= flow ′(X, s)
= [induction]

(X ∪ sample(s)) − block ′(X, s)
= (X ∪ sample((s))) − block ′(X, (s))

• r = (s ##1 t).

flow ′(X, (s ##1 t))
= F ′(F ′(X, s), t)
= [induction]

F ′((X ∪ Ss) − B′(X, s), t)
= [induction]

(((X ∪ Ss) − B′(X, s)) ∪ St) − B′((X ∪ Ss) − B′(X, s), t)
= ((X ∪ Ss ∪ St) − (B′(X, s) − St)) − B′((X ∪ Ss) − B′(X, s), t)
= (X ∪ Ss ∪ St) − ((B′(X, s) − St) ∪ B′((X ∪ Ss) − B′(X, s), t))
= (X ∪ sample((s ##1 t))) − block ′(X, (s ##1 t))

• r = (s ##0 t). Analogous to the argument for r = (s ##1 t).

• r = (s or t).
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flow ′(X, (s or t))
= F ′(X, s) ∩ F ′(X, t)
= [induction]

((X ∪ Ss) − B′(X, s)) ∩ ((X ∪ St) − B′(X, t))
= ((X ∪ Ss) ∩ (X ∪ St)) − (B′(X, s) ∪ B′(X, t))
= (((X ∪ Ss) ∪ (X ∪ St)) − ((X ∪ Ss) 	 (X ∪ St))) − (B′(X, s) ∪ B′(X, t))
= ((X ∪ Ss) ∪ (X ∪ St)) − (B′(X, s) ∪ B′(X, t) ∪ ((X ∪ Ss) 	 (X ∪ St)))
= ((X ∪ Ss) ∪ (X ∪ St)) − (B′(X, s) ∪ B′(X, t) ∪ ((Ss 	 St) − X))
= (X ∪ sample((s or t))) − block ′(X, (s or t))

• r = (s intersect t).

flow ′((s intersect t))
= (F ′(X, s) − St) ∪ (F ′(X, t) − Ss)
= [induction]

(((X ∪ Ss) − B′(X, s)) − St) ∪ (((X ∪ St) − B′(X, t)) − Ss)
= ((X ∪ Ss) − (B′(X, s) ∪ St)) ∪ ((X ∪ St) − (B′(X, t) ∪ Ss))
= ((X ∪ Ss ∪ St) − (B′(X, s) ∪ St)) ∪ ((X ∪ Ss ∪ St) − (B′(X, t) ∪ Ss))
= (X ∪ Ss ∪ St) − ((B′(X, s) ∪ St) ∩ (B′(X, t) ∪ Ss))
= (X ∪ Ss ∪ St) − ((B′(X, s) ∩ (B′(X, t) ∪ Ss)) ∪ (St ∩ (B′(X, t) ∪ Ss)))
= (X ∪ Ss ∪ St)

− (((B′(X, s) ∩ B′(X, t)) ∪ (B′(X, s) ∩ Ss))
∪ ((St ∩ B′(X, t)) ∪ (St ∩ Ss)))

= [Proposition 7.4.1]
(X ∪ Ss ∪ St) − (B′(X, s) ∪ B′(X, t) ∪ (St ∩ Ss))

= (X ∪ sample((s intersect t))) − block ′(X, (s intersect t))

• r = first match(s). Analogous to the argument for r = (s).

• r = s[*0]. Analogous to the argument for r = b.

• r = s[*1:$]. Analogous to the argument for r = (s).

Proposition 7.4.1, together with Proposition 7.5.2, gives

Corollary 7.5.3.

1. flow ′(X, r) ∩ block ′(X, r) = {}.

2. block ′(X, r) = (X ∪ sample(r)) − flow ′(X, r).

In other words, X ∪ sample(r) is the disjoint union of flow ′(X, r) and block ′(X, r).
Proposition 7.5.2, together with Lemma 7.5.1, gives

Corollary 7.5.4.

block ′(X, (s or t)) = block ′(X, s) ∪ block ′(X, t) ∪ (flow ′(X, s) 	 flow ′(X, t))
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Proof:

block ′(X, (s or t))
= B′(X, s) ∪ B′(X, t) ∪ ((Ss 	 St) − X)
= B′(X, s) ∪ B′(X, t) ∪ ((X ∪ Ss) 	 (X ∪ St))
= [Lemma 7.5.1]

B′(X, s) ∪ B′(X, t) ∪ (((X ∪ Ss) − B′(X, s)) 	 ((X ∪ St) − B′(X, t)))
= [Proposition 7.5.2]

B′(X, s) ∪ B′(X, t) ∪ (F ′(X, s) 	 F ′(X, t))

Proposition 7.5.5. flow ′(X, r) = (X ∪ flow ′({}, r)) − block ′(X, r).

Proof:

F ′(X, r)
= [Corollary 7.5.3]

F ′(X, r) − B′(X, r)
= [Proposition 7.3.1]

X/r − B′(X, r)
= [Theorem 4.1]

((X ∪ Fr) − Br) − B′(X, r)
= (X ∪ Fr) − (Br ∪ B′(X, r))
= ((X ∪ Fr) − Br) ∩ ((X ∪ Fr) − B′(X, r))
= [Theorem 4.1]

X/r ∩ ((X ∪ Fr) − B′(X, r))
= F ′(X, r) ∩ ((X ∪ Fr) − B′(X, r))

But then F ′(X, r) ⊆ (X ∪Fr)−B′(X, r) ⊆ (X ∪Sr)−B′(X, r) = F ′(X, r), whence
F ′(X, r) = (X ∪ Fr) − B′(X, r) = (X ∪ F ′

r) − B′(X, r).

7.6 Relationship of block to block ′

Proposition 7.6.1. block (r) ⊆ block ′(X, r).

Proof: Proposition 7.3.1 states F ′(X, r) = X/r. Since X/r∩Br = {} it follows that
F ′(X, r) = F ′(X, r) − Br, whence, by Proposition 7.5.2,

F ′(X, r) = ((X ∪ Sr) − B′(X, r)) − Br = (X ∪ Sr) − (Br ∪ B′(X, r)).

Therefore

(X ∪ Sr) − B′(X, r) = F ′(X, r) = (X ∪ Sr) − (Br ∪ B′(X, r)).

It follows that B′(X, r)∩ (X ∪Sr) = (Br ∪B′(X, r))∩ (X ∪Sr). But B′(X, r) ⊆ Sr

and Br ⊆ Sr, so B′(X, r) = Br ∪ B′(X, r), whence Br ⊆ B′(X, r).

Proposition 7.6.2. (block ′(X, r) − block (r)) ∩ X = {}.

Proof:
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(block ′(X, r) − block (r)) ∩ X
= (((X ∪ Sr) − F ′(X, r)) − Br) ∩ X
= (((X ∪ Sr) − X/r) − Br) ∩ X
= (((X ∪ Sr) − ((X ∪ Fr) − Br)) − Br) ∩ X
= ((X ∪ Sr) − (X ∪ Fr ∪ Br)) ∩ X
= ((X ∪ Sr) ∩ X) − (X ∪ Fr ∪ Br)
= {}
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A Appendix

A.1 Flow definitions

The definitions below are from Annex G, Subsection G.3.3.3, pp. 348-349 of [SV].
The notation has been changed to conform to the conventions of these notes.

The function sample takes a sequence as input and returns a set of local variable
names as output.

Definition A.1.1 (sample).

• sample((t v; s)) = sample(s) − {v}

• sample((1, v = e)) = {v}

• sample(b) = {}

• sample((s)) = sample(s)

• sample((s ##1 t)) = sample(s) ∪ sample(t)

• sample((s ##0 t)) = sample(s) ∪ sample(t)

• sample((s or t)) = sample(s) ∪ sample(t)

• sample((s intersect t)) = sample(s) ∪ sample(t)

• sample(first match(s)) = sample(s)

• sample(s[*0]) = {}

• sample(s[*1:$]) = sample(s)

The function block takes a sequence as input and returns a set of local variable
names as output.

Definition A.1.2 (block).

• block ((t v; s)) = block (s) − {v}

• block ((1, v = e)) = {}

• block (b) = {}

• block ((s)) = block (s)

• block ((s ##1 t)) = (block (s) − flow({}, t)) ∪ block (t)

• block ((s ##0 t)) = (block (s) − flow({}, t)) ∪ block (t)

• block ((s or t)) = block (s) ∪ block (t)
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• block ((s intersect t)) = block (s) ∪ block(t) ∪ (sample(s) ∩ sample(t))

• block (first match(s)) = block(s)

• block (s[*0]) = {}

• block (s[*1:$]) = block (s)

The function flow takes a set of local variable names and a sequence as input and
returns a set of local variable names as output.

Definition A.1.3 (flow).

• flow(X, (t v; s)) = (X ∩ {v}) ∪ (flow (X − {v}, s) − {v})

• flow(X, (1, v = e)) = X ∪ {v}

• flow(X, b) = X

• flow(X, (s)) = flow (X, s)

• flow(X, (s ##1 t)) = flow (flow(X, s), t)

• flow(X, (s ##0 t)) = flow (flow(X, s), t)

• flow(X, (s or t)) = flow(X, s) ∩ flow (X, t)

• flow(X, (s intersect t))
= (flow(X, s) ∪ flow(X, t)) − block ((s intersect t))
= (flow(X, s) ∪ flow(X, t)) − (block (s) ∪ block (t) ∪ (sample(s) ∩ sample(t)))

• flow(X, first match(s)) = flow(X, s)

• flow(X, s[*0]) = X

• flow(X, s[*1:$]) = flow(X, s)

A.2 Tight satisfaction definition

The definition below is from Annex G, Subsection G.3.4, p. 350 of [SV]. The
notation has been changed to conform to the conventions of these notes.

Definition A.2.1 (tight satisfaction).

• w, L0, L1 |≡ (t v; s) iff there exists L such that w, L0\v, L |≡ s and L1 = L0[v]∪
(L\v).

• w, L0, L1 |≡ (1, v = e) iff |w| = 1 and w0 1 and L1 = {(v, e[L0, w
0])}∪(L0\v),

where e[L0, w
0] denotes the value obtained from e by evaluating first according

to L0 and second according to w0.
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• w, L0, L1 |≡ b iff |w| = 1 and w0 b[L0] and L1 = L0, where b[L0] denotes the
expression obtained from b by substituting values from L0.

• w, L0, L1 |≡ (s) iff w, L0, L1 |≡ s.

• w, L0, L1 |≡ (s ##1 t) iff there exist x, y, L′ such that w = xy and x, L0, L
′ |≡ s

and y, L′, L1 |≡ t.

• w, L0, L1 |≡ (s ##0 t) iff there exist x, y, z, L′ such that w = xyz and |y| = 1 and
xy, L0, L

′ |≡ s and yz, L′, L1 |≡ t.

• w, L0, L1 |≡ (s or t) iff there exists L′ such that both of the following hold:

– either w, L0, L
′ |≡ s or w, L0, L

′ |≡ t, and

– L1 = L′|D , where D = flow(dom(L0), (s or t)).

• w, L0, L1 |≡ (s intersect t) iff there exist L′, L′′ such that w, L0, L
′ |≡ s and

w, L0, L
′′ |≡ t and L1 = L′|D′ ∪ L′′|D′′ , where

D′ = flow(dom(L0), s) − (block ((s intersect t)) ∪ sample(t))

D′′ = flow (dom(L0), t) − (block ((s intersect t)) ∪ sample(s))

• w, L0, L1 |≡ first match(s) iff both

– w, L0, L1 |≡ s and

– if there exist x, y, L′ such that w = xy and x, L0, L
′|≡ s, then y is empty.

• w, L0, L1 |≡ s[*0] iff |w| = 0 and L1 = L0.

• w, L0, L1 |≡ s[*1:$] iff there exist L(0) = L0, w1, L(1), w2, L(2), . . . , wj , L(j) = L1

(j ≥ 1) such that w = w1 · · ·wj and for every i such that 1 ≤ i ≤ j,
wi, L(i−1), L(i) |≡ s.
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